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Preface

Quantum field theory describes the interaction between elementary particles. The
relativistic version of the theory underlies high energy physics, particle physics and
astrophysics. The nonrelativistic form is applied - for instance — to condensed
matter up to quantum Hall fluids.

In this book the quantum field theory is only applied to electrons, positrons and
photons. Although their interactions are already treated by quantum
electrodynamics — the extremely successful prototype of modern quantum field
theories — this lead-in is chosen because it is instructive and opens the access to
other phenomena.

This publication is conceived as an introduction. The detailed developments and
the numerous references to preceding places make it easier to follow. However,
knowledge of the elements of quantum mechanics, relativistic mechanics and
electrodynamics is a prerequisite. We use the units of the system S| (MKSA-
system), no Einstein convention of summation over repeated indices and no
natural units (with z=c =1).

As in our previous publication, Pfeifer, W. , 2004, we utilize the following symbols:
operators are written in bold letters, three- dimensional vectors are marked with an
arrow, two- or four-spinors or -vectors and quantities with more dimensions are
underlined and the symbols for matrices are doubly underlined.
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1 The lagrangian formulation of classical
mechanics
The lagrangian and the hamiltonian principle are elegant tools to solve mechanical

problems. They often are used in quantum field theory. A short introduction is
given here.

1.1 The lagrangian principle

We begin with a system of n mass points with masses m .The coordinate of every
point has k components (for the most part k =3). Therefore our system is

described by f=n-k components q(t),j=12-f. The multiplet which
contains all the components is named q(t) ={q, (t).q, (t).---.q, (t)}.

In non-relativistic mechanics we define the Lagrange function (Lagrangian) for
simple situations

L(a.9)=T(d)-V(a) (1.1.1)

where T (q) is the kinetic energy of the system and V (q) is its potential energy
with the well-known expressions

N oM., . oT(d)
T =— c, le.——==mq, 1.1.2
(0)=5 24" Te—pg==md (1.12)
and —ﬂ:Fj, (1.1.3)
aq,

where F, is the j'th component of the force on the corresponding particle. The
second Newtonian law reads

d(md; )
=F. 1.1.4
p i ( )
Inserting (1.1.2) and (1.1.3) one obtains
oT (¢
d (ﬂ)z_av _ (1.1.5)
dt aq, aq.

J

Because neither does T depend on g, nor Von ¢, the following equation is
equivalent to (1.1.5)



do(ad) o(ad)
dt og, g,

J

These expressions are the Euler-Lagrange equations. They are also valid for non-
Canonical variables and - surprisingly - for relativistic mechanics.

For later applications we define the generalized momenta

oL
== 1.1.7
pJ aqj ( )

1.2 Hamiltons principle

We start with the Lagrangian, (1.1.1), and restrict our discussion to the case
where all the q; (t)are independent (not correlated by given functions). The action
S of a system is defined as the following time integral

te

S =[L(a(t).q(t))t (1.2.1)
to
The Hamilton principle states that varying the coordinate functions g(t) the

action S attains an extremum as soon as the functions g(t) have the true

physical course satisfying the equations of motion. In order to show its
consequences we consider a variation of S, 6S, to an arbitrary neighbouring path

and demand

5S =0 (1.2.2)

le 0=6S= J'dtli:( qalL(t)aqi(t)+ 5qi(t)] (1.2.3)

with the condition

59(ty)=59(t,) =0 and the relation

o d (1.2.4)
oq, =—o0o¢; -
LT
With the partial integration
oL ok od( oL
dt—5 =—§ dt—| — oq. (t 1.2.5
£ 200 (=g a1 -] dt(aqi}q.() (12.5)

we obtain 0= jdti( aLt % aq.aL(t)]éqi(t). (1.2.6)



Taking into account that the functions &g, (t) are arbitrary, every summand in

(1.2.6) must vanish, i.e.

o __d _8L =0, i=12---f. (1.2.7)
oq; (t) dtag (t)
We have obtained the Euler-Lagrange equations of motion,(1.1.6). This result

confirms the Hamilton principle (1.2.2).

1.3 Continuous systems

Now we want to apply Hamiltons principle to a continuous system. We start with a
flexible string containing the mass p per unit length, stretched by the constant

force F between two fixed points at x=0and x =1, say, but subject to small
transverse displacements in a plane. The function (o(x,t) is the transverse

displacement from equilibrium with ¢(0,t)=¢(1,t)=0. If ¢ increases by d¢ along
dx , the corresponding element of the string has the length

2 2
Jax2 +dg? = 1+[d—¢’j dx ~ 1+1(d—¢’] Jdx, (1.3.1)
dx 2\ dx

where we presuppose (;l_(p < 1. The element of the string along dx is enlarged by
X

2 2
about 1/de dx and its potential energy is increased by F-1 do dx. The
2\ dx 2\ dx
potential energy of the whole string amounts to
1_ t(doY
V =—F -j(—wj dx (1.3.2)
2 Sldx

Making use of the one-dimensional density p the whole kinetic energy is written
as follows

1 t(de 2
T:Ep-z[(a) dx . (1.3.3)
As in (1.1.1) the Lagrangian reads
L=T -V, (1.3.4)

which we write using the Lagrange density £(x,t) like this

L= IIﬁ(x,t)dx. (1.3.4a)



From (1.3.2) up to (1.3.4a) we obtain

1 (do(xt)) 1_(de(xt)Y
L(Xt)== -—F : 1.3.5
(xt)=37 { dt ) 2 | dx (1:35)
. do(x,t) _ . do(x,t) .
Thus, the Lagrange density depends on p =¢ and i =¢'. In special

cases it depends also on (p(x,t) itself.

The action of the system reads analogously to (1.2.1)

S= jdxjc 9,0 0) dt (1.3.6)

0

We perform a variation of (p(x,t) with the conditions
5p(x.ty) = dp(x,t,)=0 forall x and (1.3.7)
5p(0,t)=5p(l,t)=0 forallt. (1.3.8)

As in (1 .2.2) the Hamilton principle states

0S=0. (1.3.9)
Differentiating partially we obtain
0= J'dxjdt(aﬁ +£5 +%5j (1.3.10)
dp ~ 0¢ op
d d
with op=—05p, Op'=—3~3p.
T P T’

As in (1.2.5) partial integration produces

, . d(aoc
jdt—a ——jdt—(—jé and jdx—(pa = !dx&[a—(p,}&o (1.3.11)

ie. 0= jd Idt( i(aﬁ) :X(a['j+%]5(p. (1.3.12)

op op') Op

Since the virtual displacement function 5(p(x,t) is arbitrary the integrand in
(1.3.12) must vanish

d % +i oL |_ok =0. (1.3.13)
dt\ o¢ ) dx\de’ 6¢



This is the Euler-Lagrange equation of the field gp(X,t). We verify (1.3.13) by
inserting £ of the string, (1.3.5), in (1.3.13), which yields

d2p _d?
pT(Zp—Fdxf:O. (1.3.14)

This is the well-known wave equation for small amplitudes ¢ of a string.

If ¢ exists in a N -dimensional space with coordinates x,,X,,---,X, the equation
(1.3.13) has to be replaced by

N
dfoL) s d | oL | oL _ (1.3.15)
dt\op ) f=dx, 3 de op
dx

n

If ¢ is a vectorial field with K components ¢(1)(X1,-~',XN,'[),"',§0(K)(X1,"',XN,t) we
have K Euler-Lagrange equations of the form

N
dyoc | s d 0L | 0L o k_q.K. (13.16)
dt a¢(k) n=1an 5 d(D(k) a¢(k)
dx,,

The Lagrange function £ plays an important réle in quantum field theories. In our
lead-in example (string) we have constructed £ following the conventional method
for simple mechanical problems. However, general rules for generating the
Lagrange density cannot be given. Effectively, one has to guess the function £
and to apply the Euler-Lagrange equations to it. The resulting equation must agree
with the known equation of motion of the problem worked on.

For instance, we claim that the quantum mechanical behaviour of a mass is
characterized by the following Lagrange density

N dp # —de* de _
L(o,Vo,p)=ihp* —— -V (X,t)p* 1.3.17
((o ¢¢) v dt  2m <7 dx, dx, ( )q) ¢ ( )

The function ¢ and the conjugate complex ¢ can be treated as independent
fields. For ¢" and N =3 the Euler-Lagrange equation (1.3.16) reads

3
dfoft)_ s dj ot |, o (1.3.18)
dt\ o¢ nor dX 5 dex* op

dx

n



We insert (1.3.17) into (1.3.18):

& die L de .
0=—)> —=+ih—-V (Xt)p, 1.3.19
2m&dx 2 dt (Xt)e (13.19)
which is the well-known Schrédinger equation. Thus, the choice of £ in (1 .3.17) is

justified.

1.4 The energy-momentum tensor

Here we derive the energy density and the density of the linear momentum of a
field, which we choose as scalar. The conservation of the total energy and
momentum will result.

We consider a uniform, infinitesimal space-time displacement. Every t is
increased by the constant amount 6t and analogously x, by the spatially constant

amount 6x, (k =12,3). Consequently the change of ¢ is

5(/)=d—(p5t+zd—¢5xk. (1.4.1)
dt —~ dx,

We investigate the corresponding change of the Lagrange density

£(go,(i—(tp,g—(p(i = 1,2,3)]. Since £ does not depend explicitly on t or x, we have
Xi
552%5¢+L5(d_¢j+z oL (42| (1.4.2)
op (dgpj dt i (dgp] dx,
0| — ol =2
dt dx,
We take the expression 2—5 from (1.3.15), and from (1.3.10) we have
Q
de) d de d
o| — |=—0p, O — |=—Dp, 14.3
[dt) at [dxi} dx, 7 (14.3)

which we insert in (1.4.2):



50 (1.4.4)

d oL 3 d oL
= +Z— - O
SECMESEE
dt dx,
By means of (1.4.1) we obtain
d oL do d de
dt| o dgoj dt |7 Tt E (j dx, |
dt dt
(1.4.5)
+ dj_ oL de t+.zdz oL de X, .
i dX| a di dt i Xm K a di ka
dx. dx.
On the other hand, obviously holds
:—5t Z—ax , k=123. (1.4.6)

Comparing (1.4.5) with (1.4.6) and taking into account that 5t and the &x, 's are
independent we obtain from the &t -terms

d) oL deoj s d} 0L dp| dL_, (1.4.7)
dt (dgpj dt | S dx, [d(p] dt | dt
0 0
dt dx,
With the definitions
0L 99 ;10 and —%% _92_7i 123 (148)
[d(z)j dt [dgpj dt
0 0
dt dx;

it reads
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dTy  «dT, dTY . - _
= = i ' (T (2
0= d'[0 +de(: B dt0 +divT, with T, _(To Ty ),Tos) (1.4.9)

Integrating (1.4.9) over all the space, using the divergence theorem of Gauss and
considering that the field vanishes at large distances yields

_ d 3 0 3 T d 3 0 T AN _ d 3 0
o_ajd XTy +[d xdlvTO_ajd XT, +SurfLeT-dA_ajd xT (1.4.10)
Therefore the quantity jd?’xTo0 remains constant and we expect that it is the

energy of the field. Consequently, T, which is named the 00-element of the
energy-momentum tensor, is the energy density, which is also denoted by H :

H=-0£ 90 (1.4.11)

ek
dt

By means of the Lagrange density (1.3.5) and by (1.4.11) we calculate the
energy density of the string

o A ()

It is also named Hamilton density.

dt 2 dt dx
, , (1.4.12)
1 [de(xt) 1_(dp(xt)
=—p|——| +=zF|———| .,
2 dt 2 dx

as we expect due to (1.3.2) and (1.3.3). This result confirms our interpretation of
T, as energy density.

If ¢ is a vectorial field (see (1.3.16)) the energy density reads

H =

K
o _do (1.4.13)
K=

1a(d¢kj dt
dt
Usually the derivative of £ given above is denoted like this

oL _ oL _
a(d%j 0P
dt

and is named canonically conjugate field of ¢, ()?t) For instance, the canonically

7, (1.4.14)

conjugate of a quantum mechanical field ¢ reads using (1.3.17)
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7 :Z—gzihgo* (1.4.15)
Due to (1.4.11) and (1.4.14) the energy density (Hamilton density) is
H(X,t)=7z(X,t)-@(X,t)—L(Xt) (1.4.16)

We go on equating the expression (1.4.5) with (1.4.6). From the &x, -term we
obtain

d) oL dp| d| oL dp| oL _, (1.4.17)
dt (dgpj dx, | 5 dx [dgp] dx, | ox,
0| — 0| —
dt dx;

We define the following elements of the energy-momentum tensor

To=— 0L 99 g 7o 0F 49 (1.4.18)
(dgoj dx, (dgpj dx,
0| —— ol =2
dt dx;
and integrate (1.4.17) as follows
dsco (asdT) o, dc
ajol XT +[d de—X'i‘—J.d x'[dxkE_O. (1.4.19)

With the same argument as for (1.4.10) and defining T, = (Tk(” T ,Tk(3)) we obtain
ozijd3xT°+ [ dA-T, —jdzx([ﬂ:ijd&ﬂ (1.4.20)
dt ‘ surface - e dt . -

Therefore jd?’ka0 is a constant. It must be the k'th component of the linear
momentum of the whole field:

oL de
BE
dt

1.5 The Hamilton formalism, Poisson brackets

P, = [d® (1.4.21)

We will formulate Poisson brackets of the field. They are the starting point for the
field quantization.

Generally, as in (1.3.5) and in (1.3.17), the Lagrange density £ simultaneously

do(Xt) de(Xt)
dt ~ dx

n

depends on the values of the fields go()?,t), and of the
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corresponding complex conjugate quantities. Functions F with such a
dependence on functions are named functionals of the field. It is customary to
denote a functional dependence by square brackets

F(%t)=F (p()?,t),gb()?,t),%,m . (1.5.1)

n

For the moment we take only one field function ¢(X,t) and define the variation of
the functional F[¢(X,t)]

oF [¢]=F[(0+5(p]—|:[(0]. (1.5.2)

The variation 6¢p depends on space and time. We look into 6F in more detail. We
divide up all the space into small cells with central position vectors X, and
volumes AV, . The average value of the field in AV, is ¢, . We form a special
variation of F supposing that only in one cell (number k) the value ¢, is varied by
op, through which the function F varies in the whole space depending on
X and t by 5F (Xt). le.

SF (%t) = 50, - (1.5.3)

In first order approximation the effect of all variations ¢, on the spatial and
temporal function F(X,t) add up simply to

oF (X,t
SF(X,t) =D 6F (Xt)=>] X )5g0k. (1.5.4)
k o 0p,
In order to construct a spatial integral we formulate
_ _ 1 oF(Xt)
5F(x,t):zk:A!/|krEOAVk N om 59, . (1.5.5)
Denoting
F (X F (Xt _ ~
m EORD _SF(XY % - X' (1.5.6)
V0 AV, O, Sp(X't)
we write (1.5.5) like this
5 OF(Xt)
SF (%t) = [d°x’ Sp(X',t). (1.5.7)
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We introduce the Poisson brackets of fields being based on the field function
@(X",t) and its canonically conjugate field 7(X",t), (1.4.14). Given two functions

F(Xt) and G(X't) we define the Poisson bracket

, ~, s o[ OF(X,t) 6G(X,t) SF(Xt) 6G(X't)
(F(X0.G (1)), =[d (5¢(>z",t)57z(>z",t)‘57z(>z",t) 5(/)()?”,t)]' (158)

The following special case will be interesting

F(Xt)=p(Xt), G(X,t)=z(X"t). (1.5.9)

For this case we insert the first function of (1 .5.9) in (1 .5.7) and obtain

Sp(X"t) (1.5.10)
On the other hand, a variation of ¢ can be written as
Sp(%t) = [d*x"8° (X=X") p(X".t). (1.5.11)

Comparing (1.5.10) with (1.5.11) yields

(%) _ 0 (z-x7) (1.5.12)
Sp(X"t)
o (X',t I

and analogously ;E; t)) =5° (X' = X"). (1.5.13)
(X",
5o (

Moreover, =0 (1.5.14)

holds since ¢ and z are independent functionals. We form the mutual Poisson
brackets of the fields ¢ and r using (1.5.8),(1.5.12) up to (1.5.14)

(x".t) (1.5.15)

and because of (1.5.14) we obtain

{o(X.t).0(x" 1)} ={z(X,t),z(Xt)} _=0. (1.5.16)

In the next section the fields will be quantized by replacing the Poisson brackets
by commutation relations between corresponding operators.
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2 Canonical quantization

2.1 Nonrelativistic quantum fields

We remind to the step which leads from classical mechanics to quantum
mechanics i.e. to the first quantization . The momentum p of a particle is

replaced by the operator p =-i#V which contains the gradient operator:
p - p=-nVv. (2.1.1)
The position vector X is understood as an operator:
X — X. (2.1.2)

If the combined operator p, x acts on a function f(x,t) the result reads

p.x f(xt)=p, (x f(x,t)) = —ihdd—x(x f (x,t))

— inf (x,t)—xih;—xf (x4)=—itf () xp,f(x1)  (2.13)
or inf (x,t)=(xp, —p,x)f(xt).
l.e. for the commutator
[x.p,] =xp, -p,x (2.1.4)
we have [x,p,] =in. (2.1.5)

Analogous relations hold for the y - and for the x -coordinate.

The second quantization is also based on commutation rules for operators. We
start with the field function ¢(X,t) and its canonically conjugate field z(Xt),

(1.4.14). On the analogy of (2.1.1/2.1.2) and using (1.4.15) these fields are
replaced by operators as follows

p(X,t) - @(Xt)

I S (2.1.6)
z(X,t)=ihp*(Xt) — &(Xt)=ig'(X1).

We see that the complex conjugate wave function ¢" is replaced by the hermitean
adjoint field operator¢*(>?,t). What do these operators act on? As we will see,

(2.2.26), a one-particle state reads

¢)T()?,t)|0>, (2.1.7)
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where |0> is the empty state named vacuum state, and a state of n identical
particles is written as

C, @' (%,t)--@' (%,,1)|0) (2.1.8)

with the normalization factor C,. Similarly to (2.1.5) one demands that the
operators @ and z meet commutator rules according to the Poisson bracket
relation (1.5.15) and (1.5.16):

{p(X) (X)) =6°(X-X) — [@(Xt)z(X\t)] =ins®(X-X') (2.1.9)
and analogously
[p(x.t).p(x.t)] =[#(Xt)z(X,t)] =0. (2.1.10)
We stress that these relations hold for equal time.

Inserting z(X',t) from (2.1.6) into (2.1.9/10) we have for nonrelativistic quantum
mechanics

Lo(xt)@" (x't)] =6°(X-X') (2.1.11)
and  [g'(Xt)@'(X\t)] =0. (2.1.12)

We will see that the relations (2.1.9) up to (2.1.12) hold only for Bosons (with

integer spin values). For Fermions (half integer spin values) the commutators
[.......] have to be replaced by anticommutators [.....| ~defined by

[@.8], =op+PBex .

2.2 Quantization rules for Bose particles
We start with a quantum mechanical field function gp()?, ) and expand it in terms of

t
a complete set of orthonormalized wave functions u; (X):
p(%1)=Ya ()u (%) (2.2.1)

as commonly practiced. For the second quantization, (2.1.6), the expression
(2.2.1) is replaced as follows

p(X,t)= Zai (Hu; (X) - @(Xt)= Z‘ai (t)u, (X) (2.2.2)

Obviously the operator property of @ is now carried by the time-dependent
expansion coefficient a, (t), while the u,(X) are ordinary complex valued

functions. The hermitean adjoint of (2.2.2) reads



@' (%t)=2 al (t)u, *(X) (2.2.3)

As will be shown subsequent to (2.2.20) the operators a and a' form together

the particle number operator which ascertains the number of particles in the level
(state)i. As mentioned above, the functions u, ()?) form a complete and

orthogonal system, i.e.

[d*xu; *(x)u, (X) =6, (2.2.4)

Su, (R)u, * (%) =8°(X - X'). (2.2.5)

k

Inserting the expansions (2.2.2) and (2.2.3) into the equal time commutation
relation (2.1.11) leads to

o (R)u, (%[ (0.8 ()] =0"(%-%). 226)

Apparently, if the commutator in (2.2.6) vanishes for i # k and if it equals 1 for
i =k, the equation (2.2.6) agrees with (2.2.5). In this way we obtain the following
commutation relation for the expansion coefficients (operators) a (t):

la (t)al (t)] =0, (2.2.7)
Analogously we have

[a (t).a, (t)] =[al(t).a] ()] =0. (2.2.8)

Now we deal with the energy operator and the number operator in canonically
quantized fields. The energy expression H for a field is calculated by means of the

Hamilton density #, (1.4.11):

3y oL de
H = [d°x H(X)=[d°x ( j e (2.2.9)
dt

Taking £ from (1.3.17) (in quantum mechanics, with a constant potential V (X))
results in

+do d(p W S de* do .
H=|d’x|ix —in +V(X)p* o |, 2.2.10
J [ 275 " gt 2m;o|xn ax TV (X)ete] (2210)

which, after integration by parts with the usual asymptotic behaviour of ¢, leads to
the Hamiltonian
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_ & d? _ _
_ 3 *
H=[d’ ¢ (X’t)E_E;dxj +V(x)jgo(x,t). (2.2.11)
Following (2.1.6) we replace ¢ and ¢* by operators and obtain the Hamilton

operator H of the field of Schrodinger particles. At the same time we insert the
expansions (2.2.2) and (2.2.3)

= Jatxu, () S () (el 03 (). @212

Presupposing that u;(X) is an eigenfunction of the Hamiltonian

2 3 2
(_;_mchzﬂl(i)} with the eigenvalue E, and making use of the
n=1 X

- n

orthonormality of the u,’s, (2.2.4), we obtain

H=Ya'(t)a (1)E,. (2.2.13)

We now show that the time dependence of the right hand side disappears. The
well-known Heisenberg equation of motion is also valid for field operators that is

ind, (t)=[a; H] . (2.2.14)
In the commutator we insert (2.2.13) and use (2.2.7) and (2.2.8) like this

[aH] =23 (t).a (Ya ()] E

i R (2.2.15)

=2(a (t)al (t)-a' (H)a, (1) a (1)E
:Zdjlai (t)E =4, (t)E,
Equations (2.2.14) and (2.2.15) say
ina, (t)=a, (t)E,, (2.2.16)
which is solved by a (t)=e™""a, (0)=e™""a,. (2.2.17)
The hermitean adjoint reads
al (t)=e™""af (2.2.18)

and (2.2.13) results in H=) alaE, (2.2.19)
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which is constant in time. The operator H is the energy operator. If it acts on a
system of identical particles its eigenvalue must be the energy of the system.

Therefore, due to (2.2.19), the constant expression a'a, must be a particle
number operator. Its eigenvalue n, is the number of identical particles in state i.
In this way the eigenvalue of H is ZniEi , i.e. the total energy of the collective

state of identical particles as we expect. Consequently, the eigenvalue of the
operator

N =) a'a has the value

nzzil“ni.

(2.2.20)

N is the operator of the total particle number n. Or, if ‘chB> is a collective state
with n Boson particles the eigenvalue equation

N|@?)=n|®?)  holds. (2.2.21)

The application of the operator a}f to ‘@f’> produces a new state vector. Let us

calculate the particle number of the state aJT ‘chB> using the commutation relations
(2.2.7) and (2.2.8) and equation (2.2.21)

N a ‘@f>:ZaiTai al ‘@f> :ZaiT (6,+ala, )‘@f>
=>.(6,a +alala )|@y)=al (1+N)|27) (2.2.22)
:(n+1)aH@f>.

Similarly one finds N a, ‘cbf> =(n-1)a ‘chB> (2.2.23)

Thus, the operators aJT and a; have the effect of increasing and decreasing the

particle number n and therefore are named creation and annihilation operators
respectively. Here we redefine the vacuum state |O> (see (2.1.7)). It is defined as a

state which is destroyed by application of any annihilation operator, i.e.
a, |O> =0 forallj. (2.2.24)

We go on studying states with identical particles and make use of the vacuum
state |0). Due to (2.2.22)

N al|0)=(0+1)al|0) (2.2.25)

holds. Furthermore, starting with (2.2.3) we have
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N ¢'(X,t)[0) = N(ZaiT (t)u, *()?)j|0>:1~zi:aﬁ|0>ui *(X) or

N @' (X,t)[0)=1-9" (X,1)|0).

(2.2.26)

l.e. this is a one-particle state. Now we look into the state ¢'(X,,t)p"(X,,t)|0)
Ne' (X, t)p"(X,,1)[0)=N> al (t)a] (t)[0)u; * (X, )u, *(X,) (2.2.27)
ik

with Na'al|0)=Yafaalal|0)=> a'(s,+a'a )al|0)
| |
(2.2.28)
=a'al|0)+ Y afal (5, +afa )|0) =2a'a]|0).
|

Therefore Ne'(X,,t)p'(X,,1)|0) =2 9" (X,.t)p'(X,.1)]0). (2.2.29)
l.e. this is a two-particle state.

Because of (2.1.12) all operators ¢'(Xt) in the n-particle state (2.1.8)

commute among each other, this state is symmetric under permutation of
coordinates. This means that the Schrodinger field subject to the quantization

condition (2.1.6) describes indistinguishable particles that obey Bose-Einstein
statistics.

2.3 Quantization rules for Fermi particles

As we have indicated at the end of section 2.1, for Fermi particles (with half integer
spin values) the field quantization rules (2.1.9) up to (2.1.12) have to be

modified. These commutation relations among the field operators must be
replaced by anticommutation relations like this

[p(x.t).0"(xX1)] =6°(X-X) (2.3.1)
[¢)(>?,t),¢)(>?’,t)]+ = [¢)’r(>ﬁ(,t),¢ﬂ(>?',t)]+ =0. (2.3.2)
Anticommutators are defined as [a,8], =af+pfa .

Let us first consider which consequences the condition (2.3.2) has on the
symmetry of the localized collective states (2.1.8) comprising n identical particles

|27) =C, 0" (X, 1)p" (%,.t) -+ (X,,1)]0) (2.3.3)

According to (2.3.2) every transposition of neighbouring operators ¢ in (2.3.3)

changes the sign of the whole state. Therefore this collective state is completely
antisymmetric which is characteristic for Fermi particles.
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In the same way as in (2.2.2) the operator ¢(X,t) can be expanded in a series
with wave functions u, (X) and “coefficients” (operators) a (t). In analogy with
(2.2.4) up to (2.2.6) it can be shown that

[a (t).af (t)] =0, (2.3.4)
[a (t).a ()] =[a'(t).a’(t)] =0. (2.3.5)
For i =k we have 2(a,) = 2(ai'r )2 =0. (2.3.6)

The Hamiltonian (2.2.19) and the particle number operator (2.2.20) hold still for
Fermi particles.

The equation of motion (2.2.14) is equally valid here and therefore the particular
number operator

n =afa (2.3.7)

of the level i is also constant in time (c.f. (2.2.15) - (2.2.20)).
We look into the square of this operator taking into account (2.3.4) and (2.3.6)
n?=a'(aa')a =a'(1-a'a )a =a'a =n, (2.3.8)
The square of this operator n. equals n., and its eigenvalue n. show the same
behaviour
n?=n. (2.3.9)

This equation has the solution 1 or 0, which agrees with the well-known fact that at
best one Fermi particle can exist in a level.

We deal with a collective state (2.3.3) with totally n Fermi particles and n,
particles in state i,‘@;ni>. It meets n, ‘@;ni>:ni ‘@;ni>. Analogously to (2.2.22)
and (2.2.23) using (2.3.4) and (2.3.6) we calculate

n, a*‘q)ﬂn O> a.TaaT‘chn 0> al(1-a'a ‘ - 0>

=(af1-0a) ‘cbnn 0>—1 a*‘ - 0> (2.3.10)

The eigenvalue 1 shows that the particle number of aT‘CDnn 0> is 1in level i.

Similarly we perform
na|of, ) =alaa |9, ) =al o[, ) =0

(2.3.11)
= eigenvalue of n,.
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l.e. the operators a' and a, are creation and annihilation operators respectively,

as in section 2.2.

With the help of (2.3.10),(2.3.11) and (2.3.6) one finds

(2.3.12)
a ‘CDnF,n,=0> =(a, )2 “DnF,n.=1> =0

i.e. in a given level only 1 or 0 particle may exist as we have found above.
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3 Spin-% fields

3.1 The Dirac equation

The particles with spin 2 are described by the Dirac equation. For a free particle
with the rest mass m it reads in conventional formulation (c.f. Pfeifer, 2004, p.11)

ey L5

dgf('t dgoxt)

ih——— - pmc*p(%,t) =0 (3.1.1)

with x¥ = x, x'

The Dirac states ¢ are column spinors and the gi's and S are 4 x4 matrices. We

choose the following representations

0 1 0 -i
1 i
e LT
1 0 [ 0
(3.1.2)
0 1 0 1 0
0o -1 1
2% 1 0 g B -1
0o -1 0 0 -1
Introducing the zeroth relativistic coordinate
x° =ct (3.1.2b)
de(X,t 3. de(xt
we obtain inc Z(x); )+ihc;gi i(j) )—gmczg(i,t):o. (3.1.3)
1 0
We define Q, = 1 ' , (3.1.4)
0 1
3. doe(Xt .
i.e. inc) a, 2 (X )—ﬂmcz(p(x,t):o (3.1.5)
v=0 dX(V = -
d , X,t
The definition (3.1.2b) says (); ): —(: ) and (3.1.3) reads also
X
& de(xt) . o
g (X,t)+ihc) g —=———— fmc’p(X,t)=0. (3.1.6)
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The hermitean conjugate field ¢'(X,t) is defined as a line spinor with the

conjugate complex elements of gg()?,t). We will treat the spinors ¢ and QT as

independent fields, each having four components. We claim that the following
Lagrange density £ can be chosen

3
do
L=ing'g+ince’ ) o — G -me'y' fp, (3.1.7)
i=1 =
4
where ¢'¢ means 9= 0 - (3.1.8)

=
1l

1

We confirm this form by applying the Euler-Lagrange equation (1.3.16). For the
time being we use the derivations with regard to QT

3
J Z - aﬁ =0 fork=1--,4 (3.1.9)
1 a d¢k agok
dx ")

i 1:I dx ) z(gg)k =0, (3.1.10)

dt (8%

and obtain 0+0-ing, —

which is one component of the Dirac equation (3.1.6). If we replace ¢ in (3.1.9)
by ¢, we get in the same way

ing! + mcz(d("k c_zi] +mc2(gg)k -0, (3.1.11)

which is one component of the hermitean conjugate of (3.1.6). Thus, the
expression (3.1 .7) for the Lagrange density is justified.

Due to (1.4.14) the canonically conjugate of ¢, is

s (3.1.12)
OP,
and from (3.1.7) we obtain 7, =ihg!. (3.1.13)

We calculate the Hamilton density H by means of (1.4.13) with K =4 for ¢ and
also for ¢

H = i oL dg"ui oc_do . (3.1.14)
k5 do ) dt = = 5 do | dt
dt dt




We insert £ from (3.1.7) and obtain

H

,£(£)k (3.1.15)

k=1 k=1 k=1 i=1
a3 dg ,
_ —|hCZZ(p§ (gi W]k +mc Zgolf (é@)

We write down the four-dimensional current density vector j(X,t) of a spin-'
particle with charge e . In Pfeifer, 2004, p. 20, the spatial components are derived

. 4
j"(xt)=eco’ (Xt)gp(Xt)=ecd g’ (Xt)(g), @ (Xt),i=123.(3.1.16)
k,I=1
The zero’'th component is the charge density
C,z)zjo(i,t):ecgr ()?,t)gg()?,t). (3.1.17)
Therefore, the total charge reads
= [d*x j° (X t)/c =e[d*x o' (X,t)p(X1). (3.1.18)

The four-vector j(X,t) is relativisticly contravariant.

3.2 Wave functions of free Dirac particles

The following wave function solves the Dirac equation (3.1.1) (c.f. Pfeifer, 2004,
p.31/33)

Cp o=\ L P (px-E(ﬁ)t)/h
245) = , 3.2.1
o) (;_g] o2l
where E(p)=+m*c* +c?p*; f):(px,py,pz):(p“),p(z),p(?’)) (3.2.2)
E = 2
and N = M (3.2.3)
2E(p)

We have introduced a representative volume V . The ortho-normalized two-spinor
¢, is chosen as follows

1 0
P :(O] or (J respectively. (3.2.4)

The spinor y, is related to ¢, like this (Pfeifer, 2004, p.32)
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Ci ol
_ i=1

== 3.25
Zo E(p)+mc? %o ( )
3
CZp(I)gl
or =—11=' _+ respectively. 3.2.6
QO E(ﬁ)—mcz 7_50 Y y ( )

The expression (3.2.6) is discarded because it is diverging for p — 0. The Pauli

spin matrices read
0 1 0 -i 1 0
_ , - , = , 3.2.7
= (1 oJ < (i oj = (o —J (5:27)

3 . p(s) p(1) _ ip(z)
and the expression Zp(')a = holds. (3.2.8)
i=1 p(1)+|p(2) _p(3)

With the help of (3.2.3) and (3.2.5) the expression (3.2.1) yields the following

wave functions for both variants (3.2.4)

0
. 1 E(ﬁ)"'mcz L(S) i(PR—E(p)t)/
OLP) =Ty | E)eme BT (329)
E(p)+mc?
0
1
—~ () _in?
. 1 E(p)+m02 C(p -p ) i(BR—E(p)t)/n
xX,t,p)= — e : 3.2.10
?(%1P) W\ 2E(p) |E(p)+mc? ( )
—cp®
E(p)+mc?
We look into the following similar function ( with negative exponent)
%6’, Je““’*‘E(f’”)”’ . (3.2.11)
Ao

Its wave moves in the direction of p. Because E is positive (c.f.(3.2.2)) the

quantum mechanical energy operator ih% has a negative eigenvalue. That’s why
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this function has been excluded in the framework of one-particle physics in Pfeifer,
2004. However, in quantum field theory this solution is used to develop the fields.
In the same way as for (3.2.5) and (3.2.6) the following relations between
@, and g (see (3.2.11)) can be derived

X ==} (3.2.12)

3 )
CZp(')gl
=—1=t . 3.213
or & E(p)+me L (3.213)

Only the second expression makes sense physically because it is not divergent for
p—0.For y, we choose the ortho-normalized form

1 0
Yo :[Oj and [1] respectively. (3.2.14)

We insert (3.2.13) in (3.2.11) and obtain the following wave functions for both
variants (3.2.14)

E(p)+mc’

1 |[E(P)+me®| ¢(p” +ip®)

g (PCEmN) (3.2.15)

1
0
E(p)+mc’
L= 1 E(ﬁ)"‘mcz ®) ~i(pR-E(P)t)/n
o, (Xt,P) = ——|__ S |e . (3.2.16)
‘ W\ 2E(p) E(p)+mc?
0
1

We introduce the sign parameter ¢, which denotes

=1 forr=12

° (3.2.17)
g =-1for r=3,4.
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With its help the expressions (3.2.9),(3.2.10),(3.2.15) and (3.2.16) can be

written as follows

with

t.p)=

o

px

E /h

(3.2.18)

(3.2.19)

The functions ¢, (X,t,p) are normalized to 1 within the volume V (Pfeifer, 2004,

p.33). This procedure is named box normalization. The line-spinor w,"(p)

contains the conjugate complex elements of w, (ﬁ) We show that the following

relation holds

(3.2.20)
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As a check, for r =r' =1 we calculate the following product using (3.2.19)

. . E(p)+mc?
W, (ep)w, (5) =
1
0
E(p)+mc® " E(p)+mc? E(p)+mc’
c(p"+ip®)
E(p)+mc?
" 2 c2(p02 4 p@2 4 p0)2
_ E(p)+2nc ; (P P+ o) (3.2.21)
2mc (E(p)+mc?)
_ E(p)+mc? (E(|€))+mcz)2 +p2c?
2mc? (E(|5)+mc2)2
_2E*(p)+2mc*E(p) E(P)
- 2mc? (E(p)+mc?) ~ mc?
in agreement with (3.1.20). For r =2 and r'=3 we have
- _. E(p)+mc?
1 _
W, (gzp)vlls (gsp) T ome?
_cp®
. C(p(1) +ip(2)) _ep® c(—p(1)-ip(2)) o
i E(p)+mc? "E(p)+mc? E(p)+mc’ (3.222)
1
0

2mc? E(p)+mc®>  E(p)+mc?

E(5)+mcz{ C(p(1>+ip<2)) C(p<1>+ip(2))J ;

— _|_ =

according to (3.2.20). The remaining combinations of r and r’ can be dealt with
similarly.

In quantum field theory instead of the box normalization above the “continuum

normalization” or “normalization to delta functions” often is used. It is realized by
the following modified functions

2 . —— -
9., (X.t,p)= L M _w, (p) e e, (3.2.23)

(2zn)* VE(P)
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This function satisfies the Dirac equation (3.1.6). It has the dimension

[momentum‘s’2 -Iength‘m]. With the wave function (3.2.23) we calculate

- S 1
| =[d®x @' . (X,t,p")e,, (X,t,p)=[d®x
_ (3.2.24)
m-C (& E(F)-&EB))/h (e —eP)RIh (=1 =
———€ e W, (p")w, (P)-

With the well-known mathematical relation

1 1 3
dx—e ™™ =5(q) or |d°x——e ™™ =5°(q)

| 2r I (27)° (3.2.25)

i.e. jd3x e ™" =p*(27)’ 5° (P)

we obtain | = gl B BP0 50 (e.0'—&pP)w, (P')w, ().

l.e ﬁ':g—’ﬁzgrgr,f). Because of ¢?=1and E(p)=E(-p) we have
&
| = mc? Qe B 53 (. 5 SNt . 5\ Denoti 5 by 5
- E(ﬁ) (gr’p —& p)Wr' (gr’gr p)Wr (grgr p) . enoling ¢p by p° we
. . T " an\ E(ﬁﬂ) H
write using (3.2.20) w/ (&.p")w, (&P )_5N,m—cz and finally
I=[d*x @ . (X,t,8") ., (X,t,B) = 6,.6° (B'~B). (3.2.26)

This relation conveys that the function (3.2.23) is “normalized to delta functions”.

Both sides of (3.2.26) have the dimension [momentum‘3 .

The most general free particle solution of the Dirac equation (3.1 .5/ 6) is a linear
combination of expressions (3.2.23) which is integrated over p like this

(3.2.27)

4 1 2 B T
e (27h)’ én(cﬁ) b, (B)w, (B)e" ™",
r= T

This field must have the dimension [Iength’m]. Therefore the dimension of

b, (B) is [momentum™?].
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3.3 Quantum fields of Dirac particles
Similarly to (2.2.2) the second quantization is performed by replacing
v, (X,t) and b (p) in (3.2.27) by operators as follows

In accordance with (3.2.27) the operator function y(x,t) has the dimension
[Iength‘m] and therefore the operator b (p) has the dimension

[momentum’?”z] In analogy with (2.2.3) the hermitean adjoint reads

4 Sior o
(X't 21 \/ﬁ / bT Jw! (pr)e PXERI T (3.3.2)
= T

We postulate the following equal-time anticommutation rules analogously to
(2.3.1/ 2)

(V. (X0). 0", (X0)] =6,,6° (X=X) (3.3.3)

[ylm()?,t) , g//mﬂ()?’,t)]+ = [WTM(i,t) , waﬂ()z,’t)}+ =0, (3.3.4)
where v, (X,t) and . ,(X',t) are components of the four-spinor ¥ (X,t).

Now we investigate the consequences of these rules to the operators
b, (p) and b'.(p'). We can isolate b, (p) using ¥ (X,t),(3.3.1), and the adjoint

of ¢, (%.t,0),(3.2.18),

I
-
—
o
w
Tl
~
—
o
w
P -
>
—
X1
el
~
S
—

0. (1.F) (3.3.5)
-3 [0 b, () 0,76 (5- )b, (),

where (3.2.26) has been applied. If we write down the components of the spinors
this relation reads

:fdsxi_colm(i,t,ﬁ) W (Xt). (3.3.6)

Similarly the hermitean conjugate operator becomes
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J'd3! T Xt(l)w,(l b’r)

(3.3.7)
—Id‘"’x'Zw (X', ., (X' ,1,P).
Taking (3.3.3) into account we compute the anticommutator
[b.(B).6". (7).
_Id xjd azﬂ:1(pma (X.t,0) @, 5 (X',t,P )[y/wa(x t)wl (X' t)}
_jd xjd a;(pw (X,,P) @, (X', 1,B)5,,6° (X - X) (3.3.8)

4
= [°xY 0!, (%1.B) 0. (R1F)

a,=1
= [d*x ol (X,t.B) .. (X.,t,p') = 5,.5°(P-P"),

where for the last step equation (3.2.26) has been used. Similarly the remaining
anticommutation relations can be deduced

[b,().b. ()], =[b7 (5).b1 ()], =0 339)
in analogy with (2.3.5).

Now the Hamilton operator of the quantized Dirac theory will be derived. We start
from the quantized form of the Hamilton density (3.1.15)

= " (3.3.10)

The quantized Hamiltonian itself reads using (3.3.1)
H= J.d3x H(X.t) =J.d3x y_/L(X,t)(—ihcg -V + mczé’) v, (Xt)
4
= > [d°p'd®p bl (p")b, () (3.3.11)

r,r'=1

J.d X ol (Xt ﬁ)( in o;z-?ercz,g)(pm (X,t,p).

i px E(p) /h

obeys the

Since the plane wave ¢, (X.t,p)= —w, (p)e

Dirac equation (3.1.6) we have
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(<incg-v+me?g)g,  (Xt.B)=ing,, (X.t.B)=5E(P)g.. (Xt.B) (3:3.12)

and due to the orthogonality relation (3.2.26) the Hamilton operator reads

H=

4
" [0 d*p bl () b, (5)<E(F)

rr'=1

-jd%@;r, (X..p") @, (X.t.P) (3.3.13)

Starting from this expression, similar to the proceeding in section 2.2, we can find
particle number operators and ascertain the properties of the operators b, (ﬁ) and

bf,(f)’). The eigenvalue of H of a multi-particle state is its total energy. It is the
sum of the energies E(ﬁ) of the particles. Therefore, for r =1and 2 the operator

d’p b/ (p)b, (P) in (3.3.13) represents the number of particles in the area d°p
for these r -values. In other words, there exists a differential number operator

n,(P)=b/ (p)b,(p) forr=1o0r2. (3.3.14)

This interpretation cannot be valid for r =3 and 4 . Because of ¢, =—1 for these r -

values the total energy could become negative, which does not make sense for
free particles. In the partial sum of (3.3.13) with r =3 and 4 we insert (3.3.8) like

this

= (3.3.15)

Because —ij'd3pE(|6) 5(0) (3.3.16)

is extremely divergent and since we are only interested in energy differences we
perform a renormalization and leave out the term (3.3.16). Then the renormalized

energy operator H' reads
2 4
H'=Y [d*pE (B)b! ()b, (B)+ . [d°PE(B)b, (B)b! (B)  (3.3.17)
r=t r=3

with positive E(ﬁ) according to (3.2.2). Therefore, the differential number
operator for r =3 or 4 reads

n, (p)=b, (p)b/ (p) forr =3 or4. (3.3.18)
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We go back to the cases r =1and 2. The differential number operator (3.3.14)
must generate the eigenvalue 0 if it acts on the vacuum state |O>

n, (B)|0)=b! (p)b, (§)[0)=0 forr=1and 2. (3.3.19)

This is fulfilled if
b, (p)[0)=0 forr=1and 2 (3.3.20)

holds analogously to (2.2.24). As in section 2.2, b, (p) is named annihilation
operator. Moreover, we show that b, (ﬁ) annihilates a particle in a many-particles
state |@). First we apply the total number operator J'dsp’brT (p')b, (P') on |@).
The eigenvalue of this operation is the particle number N, (r =1or2). If the
number operator acts on the state b, (p)|®) we obtain using (3.3.8) and (3.3.9)

Jd*p'b! ()b, (B')b, ()| @)
=-Jd? pr ) ()b, ()| @)
—fd b! (B')b, (')~ (B-B")b, (§'))|) (3.3.21)
Idsp'bT p')b, (B')|@)-b, (B)|®)
=(Nr—1) (P)|®) (r=1or2).

Thus, the state b, (p)|@) has one particle less than |@) as we expect from the
annihilation operator b, (|6) (3.3.20). Analogously it can be shown that
b/ (p) (forr=1or2) is a creation operator.

We come back to the types r =3 and 4 and look into the action of the operator
b/ (P) on a many particle state |@). Here, corresponding to (3.3.18), the total

number operator readsJ.d3p’br(ﬁ’)bf(5’) with the eigenvalue N, of |@). We
apply this operator on the state b/ (p)|®), r =3 or 4.

(3.3.22)

~b] (B)N, |@)-b! (B)N, |@)=(N, ~1)b] (p)|@)  (r =3 or4).

Thus, for r =3 and 4 the operator b (p) is annihilating. Analogously one shows
that b, (ﬁ) is a creation operator for r =3 and 4. The roles of the operators
b/ (p) and b, (p) are interchanged relative to the situation with r=1and 2.
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Correspondingly the particles which are generated by b, (|6) withr =3 or4 are
named antiparticles. The antiparticles of the electrons are positrons.

In order to take into account the behaviour for r = 3 and 4 we rename the
operators b by d" and the indices 3 and 4 are replaced by 1 and 2 like this

(3.3.23)

The hermitean conjugate form d' is chosen for sake of convenience.
Consequently we have

T ) o (3.3.24)
b/, (P)=d,,(p) (annihilation operators).

We insert (3.3.23) and (3.3.24) in the renormalized energy operator
H’, (3.3.17), which yields

H= 3 [a*pE(B)(o! (F)b (B)+ ! (B)d, (). (3.3.25)

where the b’s and the d ’s form the same structure. We point out that d (p) is a
creator of a r =3(4)-particle and d, (p) an annihilator (as b, (p) in (3.3.21)).
Corresponding to (3.3.14) the differential number operator for antiparticles reads

n.(p)=d/(p)d, (p) r=1or2. (3.3.26)
From (3.3.8) and (3.3.23) we take
[d/ (B).d, ()] =6,8°(P-P). r.r=1or2. (3.3.27)

Other anticommutators containing d,d" or a d-b-pair vanish. For r = 3 and 4 not
only the operators are renamed but also the coefficients (spinors) w, (ﬁ),(3.2.19),
get new markings like this

(3.3.28)



and (3.3.29)

(b, (B)w, (B)e ™ ™" +d, (B)v, (B)e™ "),

These field functions are normalized using the continuum normalization as in
(3.3.1). Due to (3.3.1) the operators b, (p) and consequently d (p) have the

dimension [momentum ’3’2]. Therefore, the operator y(X,t) has the dimension

[length™* ] as we expect.

One can go back to box normalization by replacing the factor (27zh)3/2 in (3.3.29)
by W according to (3.2.18). In order to obtain again the dimension [Iength‘W]
for y_/(i,t) one has to multiply N by a normalization factor £, which shows

dimension [momentums’z]:

1 1
——— —> ——= for box normalization. (3.3.30)
(272'h)3/2 NV
In (3.3.15) up to (3.3.17) we have renormalized the energy operator H in order
to obtain positive and finite eigenvalues for free particles. The same result as
(3.3.25) arises if the procedure of normal ordering is applied to products of the

operators b ord with b" ord’. Normal ordering of such products demands by
definition that in all such products containing a hermitean conjugate operator on
the right of a non conjugate one the factors (operators) have to be interchanged
and the sign has to be changed (this (+-)-change is a speciality of Fermi

particles). This means that the products bd, b'b,b'd, b'd" etc remain unchanged
but bb",bd",db",and dd" have to be changed.

We apply this procedure to H, (3.3.13), which reads

" :Id3pE(ﬁ)[ib: (5)b, (5)- > b! ()b, (ﬁ)]-

H = [P E(B)X (b1 (F)b: ()<, ()d! (B)): (3:3.31)

_,
Il
N
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We apply normal ordering to H, which is marked by two colons

= | | (3.3.32)

which is identical with H' in (3.3.25). Normal ordering is a formal tool which

renormalizes operators like those for energy, charge, angular momentum etc.. It
appears also in Wick’s theorem (section 5.4).

3.4 The Feynman propagator for Dirac fields

In Wick’s theorem so-called contractions of field operators play an important réle.

The contraction of the field operators y, and (r//’r ﬂ) by definition is identical with
£ £,

the Feynman propagator for spin-1/2 particles, which we calculate now.

We start with the component w(X,t) of the field operator y(X,t), (3.3.1) or
(3.3.29), and the component y(X,t) of y'(X,t), (3.3.2), which we modify as
follows: we define ¥ ,(X,t)=-y,(X,t) for F=3and 4 and ¥ ,(X,t)=y},(Xt) for
B =1and 2. The operator (spinor) can just be formed as ¥ = l/_/Tg with the matrix

B (312),1e

W, (X)=(y (X1)-B) . (3.4.1)

We introduce the time-ordered product of field operators taken at different points in
space and time which is defined as follows

T (v, (207, (X') = { e

><1 ><1

D (X)) fort>t
Ty, (Xt )fort’>t} (3.4.2)

The minus sign accounts for the fermionic (anticommutating) character of the field
operators. In this section we will use the relativistic four-dimensional coordinates

X = (xo =ct,xV =x,x® =y, x® = z) (3.4.3)
and define the Feynman propagator S; , (5—5’) like this

iS¢ . (Z_X)=<O|T (V’a(ﬁ)'/_’ﬂ(X))|o>' (3.4.4)

In fact, (3.4.4) is the vacuum expectation value of the time-ordered product of

field operators taken at different points in space-time. With (3.4.2) and (3.4.4) we
can write



s <0|v1a(x)w(x)|0> forx” >y 5.45)
(O s(y . (x)[0) fory®>x°
The definitions (3.4.4) and (3.4.5) result in
(ofT (V_’ﬂ(X)Wa(l))|O> = ‘<0|'/’a(l)17ﬁ(3_’)|0> =S¢ -
We remind that, since b, (p) and d, (p) are annihilation operators, we have
b, (5)|0)=d, (p)[0)=0 (3.4.6)

and analogously for the hermitean adjoint operators
<O|brT (;3):<O|drT (p)=0. (3.4.7)
From now on we will use the relativistic formulation (notice the minus sign!)
p-x=p°x° —px
with p=(p°,p)= (p°,p“),p(2),p(3)), p’ =E(p)/c (3.4.8)
and x° =ct.

With the aid of (3.3.29) and (3.4.6) up to (3.4.8) we obtain

F
—
N
N
Sk
~
@
)
m
—_
©

(3.4.9)
S o E P () ()
with W, (') =(w/. (§')- /:;)ﬂ Le. W, (p')=w!(P')4.
Due to (3.3.8) there holds
(olb, (5)b.(3)/0)
- (0)(-b7 ()b, (p) +0,8° (p-P))I0) =6,5° (5-B),

which we insert in (3.4.9):

Oy, (x)#,(y)|0) =] (z‘jﬁ—;%e”zw (B)W,, (F). (3.4.11)

We now show that the sum in (3.4.1 1) can be written in a compact form. Using the
‘Feynman dagger”



gzg(p"—igp‘”j (3.4.12)
2 N cg +mc?1
we claim dw, (P)W,, ()= W : (3.4.13)
r=1 »

The 4 x4-matrix which underlies the right hand side of (3.4.13) can be given in
detail by means of (3.1.2)

cg +mc?1
2mc?
E(p)+mc? 0 —cp? —c(p(” —ip(z))
] 0 E (ﬁ) +mc2 _C(p(1)+ip(2)) Cp(3) (3.4.14)
Tome?| c(p" -ip®) -E(p)+me? 0
c(p®+ip?)  —cp® 0 —E(p)+mc*®

In order to check the relation (3.4.13) we calculate some matrix elements of the
left hand side using (3.2.19)

E(p)+mc?

W0 (B) W, () = — g

2mc

which is in agreement with the (1,1)-element of the matrix (3.4.14). Furthermore

“ 2mc? (E(p)+mc?)
. c?p? ~ E(ﬁ)z—mzc4 _ -E(p)+mc?
B 2mc? (E(p)+mc?) - 2mc? (E (p)+mc?) - 2mc?

etc. Analogously the following relation corresponding to (3.4.13) can be shown
(see (3.3.28))
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2 . (cg-mc*1

zvr,a(p)vr,ﬁ(p): — | - (3.4.15)
ap

In the same way as (3.4.11) one can show

<0|V7ﬁ( )'/fa(X)|0>

. 2 3.4.16
'E /hzvra [3 \7 [3) ( )

We insert (3.4.11),(3.4.13),(3.4.15) and (3.4.16) in (3.4.5) which yields

dap 1 —|p X— y /h 0 0
— forx” >y
j(2,,;1)3 2E(p) ( cg+m )aﬂ
iSe 5 (x-y)= ; .
d P 1 'E(E’X)/h 2 0 0
—_[ 3 —e (c -mc 1) fory” >x
(2zn)° 2E(P) = = ap
(3.4.17)
We introduce the following operator (nabla-dagger)
3
Y. = ( 2g J (notice the plus sign), (3.4.18)
i=1
which causes
Ch(in +E1] o Rley)n
=2 h = aﬂ
3 mc1 —i poxo—ip(i)x(i) n
=Ch(i,§(;j—o+ié’z% d(i) +—h:] e [ = ] e/
S T dx z (3.4.19)
3 _ i poxo—zs:p(i)x(i) In
=C(§po -2 p® +mclj e ( 5 j e’
- i ap
—(cp+mc21) e
( g :)aﬂ
Furthermore, ch(izx +%lj Py ( p(+mc 1) ] Ry (3.4.20)
af )

The expressions (3.4.19) and (3.4.20) are inserted in (3.4.17) like this

n g (272’71)32E([3) ip(x-y)/h fory°>x°
(3.4.21)
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E A [ 2 =2 2.4
Introducing q:p/h,(qozpolh: (:): cp ;m ¢ J one can see that
- = c c

expression (3.4.21) contains the so-called scalar Feynman propagator
Ae (x-y). Itreads

A (x- )‘f—dspch e ™" forx® >y
ST 2P 2 (p) | ebteurt fory® > x°

| (3.4.22)
_J» d3q e Y forx® >y
(27)°2q° | g¥) fory® > x°
Expressions (3.4.21) and (3.4.22) reveal
mc 1
iS, .5 (X-y)= (iy +—J iAe (x-y) (3.4.22a)
ap
For x” >y’ the expression(3.4.22) reads (see (3.4.8))
3 o 0 0
J‘ dsq giitEy) o[ ’) (3.4.23)
(272) 2q°
and for y° > x° jd—qe"q wy) 90 (3.4.24)
(272) 2q°

In the integrand of (3.4.24) we replace g by —q. Doing so the function is
reflected on the origin but q° =E(p)/ #c and the integral remain unchanged, i.e.
(3.4.22) becomes

3 o 127 for x0 5 y0
A (g—y):jd+ e S (3.4.25)
0 (2r) 20° e ) for y? > x°
Because of [e_iqo(xo_yo)} e [ )}
x0>y° yO5x°

it is obvious that the alternative expressions in (3.4.25) can be replaced by one

term containing ‘xo —yo‘. However, we choose another way which results in a four
dimensional Lorenz invariant expression.

In order to transform the last part of (3.4.25) in a closed form we look into the
following line integral
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—iq’(x” —y”)

=I dq’ e

3.4.26
C 21 (q/_qo)(q,+qo) ( )

le

where q' is a complex variable and q° is real as definded below in (3.4.21). The
integration path C. in the complex plane will be discussed. The integrand has

singularities at q'=q° and at q’=-q°. The complex coordinates relative to the
singularity positions are
z=q'-9°and z=q'+q° respectively. (3.4.27)
We write the integrand of (3.4.26) using z like this
Az ?)
1e =~ (3.4.28)
27 z(z+2q°)

The so-called residuum "Res" is the expansion coefficient of the term containing

1 : L
— near a singularity, i.e.
z

_iqo(xo_yo)
Res| e and
aa 27 2q°

iqo(xofyo)

(3.4.29)
1 e

RoS =2 2

Cauchy’s theorem of residues states for a closed integration contour around the
singularity g’ =q° in anti-clockwise sense

1 e—iq'(xo—yo) e—iqo(xo—yo)
dq’—ﬁ =27i Res|q,:qo =l (3.4.30)
around g° 27[ (q,) _(qo) 2q
and for the other singularity we find
1 efiq’(xo—yo) iqo(xofyo)
98 dq' ——————— =27i Res|_, =i - (3.4.31)

around —q° 27 (ql)2 - (qo)
If we choose Feynman'’s integration path C. according to figure 3.4.1 and close it
in the far negative imaginary part of the complex plane, the sense of the contour
C. around the point q° is clockwise (which changes the sign) and (3.4.30)
becomes
-ig'(x°~y°) ~ig°(x°-y°)
$ dq'zi ‘fz — _ i it (3.4.32)
Cp o 7(q") —(q ) q
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Starting with C_ the contour goes around the point —q° anti-clockwise if we go
back in the far positive imaginary region. Therefore, of (3.4.31) remains

A
Imqg’

Figure 3.4.1

° Ce Integraton
> path for the

> scalar

o ) Feynman

q Req propagator
—iq'(xofyo) iqo(xofyo)
$ dq'zi ‘fz — — i T (3.4.33)
Cp o 7(q') —(q ) q

Because far remote segments of the contour don’t contribute to the line integrals,
the left hand sides of (3.4.32) and (3.4.33) are identical and (3.4.25) can be

written as

—iq’(xO —y°> ‘

(3.4.34)

A (x—y)= [L9 gty da’_e
o (x-y)=f o e 5 (@) (o)

all (xo —y°>

We choose the integration path C. infinitesimally near under the singularity
q'=-q° and infinitesimally near over q'=+q°. The same result as in the integral
I, (3.4.26), can be achieved if one integrates along the real q'-axisinstead of
the contour C. and avoids hitting the singularities by shifting them by an
infinitesimal amount is in the complex plane. l.e. we replace q° —q° —is and
—q° > —q° +is and set q’ real. Therefore

(@) -(a°) - (a") —(a° —is)2 =(q'y’ —(q°)2 +2iq°s + 2
=(q'y’ —(q°)2 +ie with 29°s = ¢ and s% =0.
Then (3.4.34) reads
Ar (x d'q e
(x-y)=] (27)' (@'Y (a°) +ie (3.4.35)
with g = (q',G) like (3.4.8).
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As in (3.4.8) we define the scalar product of the four-dimensional vectors or

spinors a =(a°,a) with Qz(bO,B) as follows

ab=a’h’-a-b

3.4.35a
and consequently (a)° = (a° )2 -(a). ( )
0 E A 222 2.4 22232 2.4 2.2
With o© =P — (p):\/c p? +m?c :\/c n*G? +m?c =\/dz+mf
h Ch Cch Ch h
we get
4 -ig(x-y)
AF(Z_X):.[(Z;} : 2
N2 =\2
(@ () - | i
| (3.4.36)
:.[ d4q e"g(l‘X)
2 2 J
(27) i _(mc) e
- /]
where we have used g =(q',q) and (g)z = (q’)2 —(d)z.
Equation (3.4.36) conveys that
Ar (g)= 1 (3.4.37)

is the four-dimensional Fourier transform of the scalar Feynman propagator
Ac (g—)_/). We write the Feynman propagator S, , (5—3_/), (3.4.22a), once more

using (3.4.20)

1
S (x-y) [, + | (x-y)
af
. mc1 d%g o alxy)
:[.:X+ . LI( , (3.4.38)
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The Feynman propagator SFW(;—X) and the scalar Feynman propagator

Ap (5—3_/) will be seen to emerge naturally in the perturbation series for interacting
field theories (sections 5.4 and 5.7).
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4 The electromagnetic field

4.1 The Maxwell equations

We put together basic electromagnetic relations, which we write in the Sl-system
of units (cf. Pfeifer, 2000, p.7). The electric field strength E and the magnetic field
strength B can be calculated starting from the scalar potential @ and the vector
potential A like this

E:—gradcb—d—A, (4.1.1)
dt
B=curl A=VxA, (4.1.2)
d
for example B, :di—i.
dy dz

The potentials @ and A obey differential equations, which contain the electric
charge density p and the electric current density j . The equations read

2
19D g2 P (4.1.3)
c” dt &
1d%A _,~ =
gz VA=K (4.1.4)

The quantities g, =4m107VsA™'m" and ¢, =8.85418782-10"°AsV'm" are the
magnetic field constant and the electric field constant respectively. Consequently,
the quanties @/c and A have the dimension [momentum/charge]. An

additional constraint can be chosen. We take the Lorenz gage

divA+i2d—¢ =0. (4.1.5)
c” dt

In the framework of special relativity it is natural to introduce the contravariant four-
vectors

A=(AO,A(1),A(2),A(3))E(%,AX’AWAZJ (4.1.6)

and g=(J°,J“>,J<2>,J<3>)E(Cp,jx,jy,jz). (4.1.7)

Making use of (3.4.3),(4.1.6) and (4.1.7) we rewrite (4.1.3)
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d’A’ & dPA° J°
-y =L 3, (4.1.8)
( ) ,:1< ) Ceo Cg
where we have applied the basic relation
1
Eoly :C—Z. (419)

Of course, using (4.1.6) and (4.1.7) the equation (4.1.4) combined with (4.1.8)
becomes

3 Al
d*A" Z 1" 1=01,23. (4.1.10)

(6 F ()

The Lorenz gage, (4.1.5), reads now

3 ()
ZdA 0. (4.1.11)
u=0 dX(ﬂ)

4.2 The Lagrangian and the Hamiltonian of the Maxwell field
First, we introduce the relativistic notations of covariant four-vectors

(A A AL A ) =(A =AY AP —AD) or A, = Ag,, (4.2.1)
with the following elements of the metric tensor g
O =—044=-0, =—0,3=1 and g,, =0 for A= 1", (4.2.2)

and we define J, = =J"g (4.2.3)

Analogously the four-coordinate x, = x(“)gw is used. We claim that the Lagrange

density of the electromagnetic field can be chosen as

21u0 u,v=0 dX dX p=0 g

(4.2.4)

12 dA" Y ¢
=2 Z gyg vv( ﬂ)j ZJPA

/Llo u,v=0

In order to check this ansatz we apply the Euler-Lagrange equation, (1.3.16). It
reads
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3. d oL oL ( )
3 _% _o.
dx) LdA(V)J oA
0
dx(#)
Here, the following derivations appear
d oL 1 d dA" 1 d2A%)
dX(’u) dA(V) __ﬂ_ogy/zgvvmm__la_ogﬂygvv d () 2 (426)
ol ( X )
dX(”)
oL . )
and —W_Jv_gw\] : (4.2.7)
We insert (4.2.6) and (4.2.7) in (4.2.5) and obtain
13 dzAw
-—>.9,. ~+J3" =0 or
Hy p=0 (dX(”))
220 3 A2 al) (4.2.8)
d-A d-A )

in accordance with (4.1.10). Thus, the expression (4.2.4) is corroborated.

Due to (1.4.13) the Hamilton density of the electromagnetic field in vacuum
(J=0) reads

18 (dA") 1 ¢ dA®) Y
=-—2.0,2 v +729Wgw -

dx“

2
o 1(da” Y 1a(dan Y

1 1 4.2.9
+2( ax° J 2;(dx<m>j (4.2.9)
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This expression is not positive definite, however, it can be shown (Greiner,
Reinhardt, 1996, p. 174) that the total Hamiltonian J.dSXH(g) agrees with the

familiar form

[d®x H(x) = [d*x— ( ) (4.2.10)

4.3 Coupled Maxwell and Dirac fields

The Lagrange density of Fermions, (3.1.7), and the Lagrangian of photons,

(4.2.4), are linear combinations of quadratic expressions of the affiliated wave

functions or their derivations. Therefore, it is obvious that the Lagrange density of
the coupled fields is just the sum of both Lagrangians like this

EZ ‘QDirac + EMaxweII (431 )

By means of (3.1.7) and (4.2.4) it turns into

i=1 -

d 3 () 3
L=y [lhz//ﬂzma d—‘”—mc By j L > dA,_dA ->3 A” (4.3.2)
X

2,”0 u,v=0 dx(#) dxy p=0

L has the dimension [energy/volume]. With the aid of (3.1.4) we join the
expressions for the current density, (3.1.16), and for the charge density, (3.1.17),
together this way (using (4.1.7) and (4.2.3))

J,(%t)=9,3"(Xt)=g,ecy’ay(Xt), w=0123.  (43.3)

This expression is inserted in (4.3.2), through which the Maxwell field and the
Dirac field are coupled together. The Euler-Lagrange equation (3.1.9) (with the
hermitean conjugate counterpart) and (4.2.5) can be applied separately. If
(3.1.9) acts on the Lagrangian (4.3.2) including (4.3.3), the result is

iy, + *(By) —ecd(ap), A =0 (k=1.-4)

d #0 (4.3.4)
or IhCZa d—y/)—mc By - ecZaﬂyxA g, =0.

X u=0

Replacing y, by y, in (3.1.9) we obtain analogously

T 3

7
|hc¥mgﬂ+mc@£’+e z v'a,Ag, =0 (4.3.5)
p=

Finally we apply the Euler-Lagrange equation (4.2.5) to the Lagrangian
(4.3.2) including (4.3.3) and obtain according to (4.2.8) and (4.3.3)
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[ d2A g d2Al 3 —ecya y. (4.3.6)
Ho (dxo)2 i (dx(i))2 T

In section 5.5 we will need the Lagrangian of the quantized interacting fields. The
derived equations (4.3.4) up to (4.3.6) represent a set of coupled equations of

motion for the fields y," and A.

4.4 Plane wave expansion of the vector field

According to (4.1.10) or (4.3.6) the electromagnetic field in vacuum obeys the
following equation

d*A,
o

d2?A
=0 (4.4.1)
d)(())

The vector field component

Ei—koxo)/h

A, (K.x)=N, (K)e' (4.4.2)

meets this relation. It represents a plane wave propagating in the k -direction as
the Dirac wave in (3.2.1). The dimension of A, and N, is [momentum/charge].

Inserting (4.4.2) in (4.4.1) results in
(k) =K? (4.4.2a)
The dimension of k") is [momentum]. Using (3.4.3) we write also

A, (R,X) =N, (E)e‘('&—w)m

(4.4.3)
with @, =ck® :C‘IZ‘.

The dimension of o, is [energy].

Equations (4.1.2) and (4.1.6) show that the components A"”,A? and A® fix the

magnetic field strength B. The electric field strength E is determined by
A, A" A® and A®. It is well-known that the B'sandthe E's of free
electromagnetic waves are orthogonal to each other and to the propagation vector
k. To take this property into account we split up the vector field A, into

components like this

A

A

Kx)=N,(K)e™ ™" (k)  2=0123. (4.4.4)
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Due to the electrodynamics the quantities gM(IZ) are four-dimensional,

orthonormalized unit vectors affiliated to A , (E,g) and oriented relative to k .They
meet the four-dimensional orthogonality relation

gO’A(IZ)gM(IZ)—ZgM(IZ) 5ml,(|2)=gu, (4.4.5)

3
m=1
containing the metric tensor (4.2.2). In order to specify the four-vectors ¢, (IZ) we

start with a trihedral of three-vectors &, (IZ)@:Q (IZ) and Z, , (IZ) We put

£, (K) = (4.4.6)

K-2,4(K)=K-&_,(k)=0. (4.4.7)

Furthermore, (EA )2 ) (5:1_2 (E))Z =1 and (4.4.8)

The four-vectors ¢, (IZ) (2=0,---,3) are fixed as follows
& (K) :(o,g, (IZ)) with 1 =1,2,3, (4.4.9)
£, (K)=(10,0,0). (4.4.10)
We inspect whether these expressions fulfil the relation (4.4.5)

for A=A'=0: (gM:O (IZ))2 =1, i(gm,z_o (IZ))Z =0 form>0,

Obviously the expressions (4.4.9) and (4.4.10) fulfil the normalization relation

(4.4.5). Of course, every A, (12,5), (4.4.4), is a solution of the equation (4.4.1).
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As mentioned above the field strengths E and B of a free electromagnetic wave

are orthogonal to k and only transverse photons are observed in experiments.
This is true if the following A -components vanish

Ao (Kx)=A_(kx)=0

(4.4.11)

However, in the theory of the interaction of quantized fields all 1-components of
A play a role (cf. sections 4.7, 5.5 and 5.7).

4.5 Canonical quantization of the photon field

For the photon field one can formulate commutation rules analogously to sections
2.1 or 3.3. Due to (1.4.14) the canonically conjugate field component reads (see

Greiner, Reinhardt, 1996,p.158 at the bottom)

) (%,t) = —2& 4.5.1
8 _ v
dt
or in relativistic coordinates, (3.4.3),
2 (x)=—2E (4.5.2)
dA
ca(oj
dx
With the Lagrangian (4.2.4) we obtain
y 1 dA, ) dA,
7! ’(x)=0{—g > 9,94 (ﬁj ]/ ﬁ[dxojc
0 w0 (4.5.3)

_-g,dA  -1dA” AV
4,C dx®  pc dx° HoC

where (4.1.9) has been used.

For the second quantization, as in section 2.1, we replace fields by field operators

Al (l) 5 AW (l)'

(4.5.4)
7 (x) >z (x).
We postulate the following equal-time commutation relations
(A" (%) 2" (x'1)] =ig,,n8° (X-X'). (4.5.5)

In contrast to (2.1.9) here the metric tensor, (4.2.2), appears. Due to (4.1.4) and
(4.5.3) the dimensions of A and £ are [momentum/charge] and [charge/area]
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respectively. Therefore, in (4.5.5) the dimension balance is correct. By means of

(4.5.3) we have also
& AV (%,0),AY (%,t)| =g, n8° (X-X). (4.5.6)

The most general solution of the wave equation (4.4.1) for photons is a linear
combination of expressions (4.4.4) and their conjugate complex form, which is

integrated over k

with @ =k?c? as per (4.4.3). The normalizing constant 1/ /720, (27)° is

arbitrary, but taking into account (4.5.11) it gives the quantity A the same

dimension [momentum/charge] as in the inhomogeneous equations
(4.1.3),(4.1.4) andin (4.5.5).

Similarly to (3.3.1) the second quantization is performed by replacing a, (IZ) and

a, (IZ) by operators

%
(4.5.8)
%

(4.5.9)
.Z:(ai (E)gﬂj (E)ei(l&—wkt)/h n ajl (E)gﬂj (I-(')e—i(l&—@(t)/h) .

According to (4.5.3) the canonically conjugate field operator = —A(”)go reads

d’k O, &,

h \/Za)k (27[)3 h
3

Do (K)e, (k)" —al (k) (K)e " |

=0

7 (x) =i !
(-1

We claim that the operators a, (IZ) meet the following commutation rules



[al(l?),a}(l?)l =-g,,0° (K-K') (4.5.11)
and [aﬂ (k).a, (IZ)} =[a; (k)2 (IZ)} 0. (4.5.12)
We verify (4.5.5) using (4.5.9) up to (4.5.12)

d’k’ D

[
) I\/Zwk 27z I\/zwk 27) S h
33 [, (£) 1 (])] () ()05 e
+ [a} (IZ) ,a, (R')l £, (R)ng (R,)ei(—l&+|2t>z')/hei(%fmk,)t/h)

=L d3k : ggu%,z (R)SM (R)(ei(i—i')lz/h +e—i(>2—>2’)|2/h)'

(A (%) 2(x1) | =

(4.5.13)

We deal with the 4 -sum in the last line of (4.5.13) and assert

ggmyﬁ (K) .. (k) =g, (4.5.14)

Using (4.4.9 ) and (4.4.10) the left hand side of (4.5.14) can be written as

30 Eefo) lsfo)

where the x-component and the v -component of the four-vectors are taken.

If £=v=0 theresultis +1.If x=0<v or u>0=v the expression vanishes. For
u>0 and v >0 it reads

3 — —
- &, lk)e (k) Lj,=123.

S )2 (1)
This is just the ordinary completeness relation for an orthogonal trihedral and
amounts to —5ij . Therefore, relation (4.5.14) holds and using (3.2.25) we have

[ AW (%,8) 2 (%'1) ]

_ LJ‘ d’k (ei(i—i')IZ/h n e—i(i—i')li/h) (4.5.15)
n* e 2(2z) o

a0 (20)' 280 (XX <10, 8 (R )1
T
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in accordance with (4.5.5). Thus, the commutation rules (4.5.11) and (4.5.12)
are supported.

4.6 The Hamiltonian of the quantized Maxwell field

We write the Hamiltonian H of the quantized electromagnetic field starting from
(4.2.9) and applying the quantization rule (4.5.4/ 5) as follows

:H:=jd3x:7{(5):

1 3 dAM Y 3 (ga® Y (4.6.1)
=—|d®x: — | + — |:.
2/,[0 J. ;gvv [( dXO j ; dx(m)

We have taken the normal ordering for the integrand of H (set between colons).
This ordering is explained after equation (3.3.30). In contrast to the rules for

Fermions here (for photons, which are Bosons) interchanging of the operators
a, (IZ) and a, (IZ') does not need a change of the sign of the product. As shown in

(3.3.32) the normal ordering normalizes the energy operator H and eliminates

the divergence as discussed in (3.3.17) and (3.3.25). The expansion (4.5.9)
implies

dA")
" (4.6.2)
ol \/2 2 %3 s (1)[a (€)™ —a (R)e ),
0 a)k 72-
dA®)
dx ")
Ji_ Ji Zs (k) (k) —a}(E)e‘<E*W)/h)’(4'6'3)
&h 2w, (27
which we insert in (4.6.1) like this
d®k’ d3k a0, = -
,uogoiﬁzZJ.d3 I\/Z I\/Z k(27[)3( l;:szrk kJ
1 &3 o
h_zz;o;gvvg"w(k )g‘”l(k) (4.6.4)
(a, (IZ' a, (E)ei((ﬂk)xf(a« o )t)/ n +a; (E’)a} (R’)efl((k K)R~( e+ )/
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|Z R)i/h

due to (3.2.25) the

In the terms with J'\/i(wk % K IZ]J.d xe

vector k' equals to —k and therefore the value of the bracket above vanishes as a
+i(K'=K)x/ 7

consequence of (4.4.3). By the same reason in the term with e the vector

2

a;k . Due to (4.4.5) we have

k' becomes +k and ( kK 1K' IZ) results in
c?

zgvv vﬂ.( ) (E):gw-

Using (4.1.9) we obtain

e (4.6.5)

In analogy to (3.3.14) we interpret al (E)ai(lz) as a differential number operator

i.e. d’k a] (E)ai(ﬁ) generates the number of photon states in the area d°k for

the given A as an eigenvalue. The term
-] (K)a, (K) (4.6.6)

n (4.6.5) is problematic. Apparently, arbitrary amounts of energy could be gained

by creating “scalar photons” with 4 =0. We deal with this problem and denote a
general state of photons by |cD> (state vector in Hilbert space.). In order or

ascertain if its energy expectation value is independent of 1 =0 and 4 =3 there is
a simple operator to which |(D> can be subjected (Gubta-Bleuler method). The

operator reads

3 dA ”)(x)
————>  with
; dx )
1 d3k i(kKx-at)/ n (4.6.7)
AY (x) = e\ ™ ¢ . (k)a,(k
e R )
We claim that the constraint for |cD> to have the properties referred to is
3 )
> A7 ey -0. (4.6.8)
i dx

From o, =ck® = C‘IZ‘, (4.4.3), and taking into account
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t=XC—O, ie. —(kKX-at)=kx,

(3.4.8) and (3.4.35a), we can write

Y, dx(ﬂ)— \/; ” 27[ N ; (k)a(k).

Due to k = (|k| k), (4.4.6) and (4.4.7) , we have

-2 (K)a, (€) -l (6)+0 402, (1)

Kk

A
and therefore according to (4.6.8)

3 dAﬁ") (x)

)T

\/; \/r - ‘E‘(ao (k)-a, (E))

(4.6.11)

This equation implies

(2 (K) 24 (K))|@) =0, ie. 3 (K)|@)=a,(K)|)

with the hermitean adjoint relation
(@] (K)-a; (K))=0, ie. (@]a] (k)= (@]} (K).

We form the expectation values

J'd ka)kz ?|a] ( )aﬂ( )|q§>

were (4.6.14) has been inserted.

0)-

(4.6.9)

0.

(4.6.12)

(4.6.13)

(4.6.14)

(4.6.15)
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We denote the eigenvalue of the differential number operator a}(E)ai(IZ) on

|®) by nl(IZ) and obtain

(@|H|®) = [d°k wkinl(ﬁ). (4.6.16)

As demanded only 4 =1and A =2 appear if the condition (4.6.8) is fulfilled.

4.7 The Feynman propagator for photons

As mentioned in section 3.4 the Feynman propagator will be used for the
formulation of interactions. In analogy to (3.4.4) it is defined as follows

0 (x-y) - O[T (A ()" (y))0) 471

with the following time-ordered product (as (3.4.2))

) (40 2V A0 (VO v 0o\
T(AY (x*,x)A (y°,5)) = M)A ) forx >y (4.7.2)
AV (y°,§)A¥ (x°,x) fory® >x°

In contrast to Fermions, c.f. (3.4.2), by definition time ordering of bosonic
operators does not change the sign. In the context to (4.6.16) or to (2.2.20) the

expression a/ (E)ai (IZ) is interpreted as a number operator. Consequently
al (E)ai (E)|O> =0 and therefore a, (IZ)|O> =0 (4.7.3)
hold in analogy to (3.3.20). The hermitean adjoint reads as in (3.4.7)
(o]a; (k)=0. (4.7.4)

Temporarily we set x° >y°. Making use of (4.5.9), (4.6.9), (4.7.3) and (4.7.4)
we calculate

(0]A¥) (x) A" (y )|0) = d i

80 J.\/2 J.\/2
3 (K] a;(ﬁ')eﬂ,i(»z)gv,ﬁ,(»zf)e«*wfh|o>.

(4.7.5)

Ol (R ()0) =0, (R (1] 10)-0..0°( )

like this
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<0|A(ﬂ) (X)A(V) ( )|0>

1 3 — —|k(x y)/h (476)
ol oy 20 s (B8
With the help of (4.5.14) the expression (4.7.1) becomes
—ik(x-y)/n 0 0
y 1 d®k e forx” >y
ID# (é X) fi 5 Qv ik(x-y )/ h
oh” 20, (27) e" " fory® > x°
_ 3 ~

e Y . (4.7.7)

2q°ch(27°)

_ 9l d’q sy
= £,C -[Zqo(Zﬂa)e ,

where we have used g=k/nandq’=a /(ch). The expression (4.7.7)

contains the scalar Feynman propagator A (g—x), (3.4.35). According to
(3.4.22) we can write

D& (x-y)=(-9,.)A (x—y)i (4.7.8)

~/&,C

Due to (3.4.36) setting the mass m =0 the Feynman propagator for photons
finally reads

d*q e aley)
Dt (x-y)=-9,, . (4.7.9)
F ( _) H .[(27[) 9 +ig g,C
According to (3.4.37) the Fourier transformed propagator is
D (q) = 1 (4.7.10)

Lk 2 :
q” +ie g,C
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5 Interacting quantum fields

5.1 The interaction picture

As a starting point for the development of a perturbation theory one assumes that
the Hamiltonian of a system can be split into two parts

H=H,+H,. (5.1.1)

Here H, is the Hamiltonian of the system without interactions, i.e. of a system of

free fields. For this Hamiltonian an exact solution can be given. If the “perturbation
operator” H, represents an interaction with a small strength, it is possible to obtain

reliable approximate solutions.

The foundation of our quantum mechanical developments is Schrédinger’s theory.
If |a,t> is a state (state vector) in the so-called “Schrédinger picture” the

Schrédinger equation holds
et = Hla) = E[t). (5.1.2)

We will show that a similar relation holds for H,. To this end we transform every
operator O by a unitary transformation like this

OI (t) — eiHO t/hoe*iHot/h (51 3)
with the definition ™" =1 +iH,t / h+%(iHOt I R) . (5.1.4)
At the same time we transform the state |a,t)

|0¢,t>I —g'ht/” |a,t>. (5.1.5)

By (5.1.3) and (5.1.5) the quantities are transformed in a system named
“interaction picture”. The hermitean adjoint of (5.1 .5) reads

(a,t| = (a,t|e™™"" (5.1.6)
because H, is a hermitean operator. We calculate the following matrix element

I<ﬁ,t|ol |a,t>| _ <ﬁ,t|e_iHUt/heiHOt/hoe_iHOt/heiHOt/h |a,t>
=(B.t|O]at).

Thus, the matrix element is identical in both “pictures”. Because physical
observables are matrix elements both “pictures” are equivalent. We now deal with

the following derivative using (5.1.1) up to (5.1.5)

(5.1.7)
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ihi|
dt dt

=-H,e™""|at)+e"™" " "H|a,t) =e"™"" (-H, +H, +H,)|a,t)

iHot/ 7 —iHgt/h _iHyt/h |
=e| ot H1e iHp t eI ot/h a,t>=H1l|a,t> -

) =inS (" | 1)) = —H,e"™ |a,t>+eiH°“hih%|a,t>

(5.1.8)

As claimed in context with (5.1.2), equation (5.1 .8) shows that in the “interaction

picture” a relation holds for the “perturbation Hamiltonian” H; which is similar to

the Schrédinger equation (5.1.2)

5.2 The time evolution operator

We stay in the “interaction picture” and investigate now how a state |a,t>' is

coming along in the course of the time. We define the time evolution operator
U(t,,t,) which describes the connection between the state vectors at the times

t, and t, i.e.
b)) =U(t,t)|at,) -

a,t1>.

On the other hand (5.1.5) reads  |a,t,) =¢"™""

The Schrédinger equation (5.1.2) says
. d
Ihd—t1|a,t1> =H |a,t1>

and has the solution lat)=e™ " gt )

We insert (5.2.4) in (5.2.2) like this

|a,t1>| _ Mot/ g H(t—t)/ 1 |0£,t0>

iHoty/ 7 __-iH(t,~ty)/ h —iHgto/h __iHoty /R
—gml'a (ti—to) g Mob/giiob |a,t0>

iHoty/ 7t -iH(ty—ty )/ 7 —iHo to / 7 I
S L PR

where (5.1.5) has been used. Comparing (5.2.1) with (5.2.5) yields
U (t t ) _ eiH0t1/he—iH(t1—t0)/he—iH0t0/h
1140 ) = .
Obviously U(t,,t,)=1 holds.

Now we start with (5.1.8)

.. d
Iha|oz,t>I =H, |oc,t>I

(5.2.1)

(5.2.2)

(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

(5.2.7)
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and insert (5.2.1) as follows

ihiu(t,t0)|a,t0>' =H.U (t,t)|et,) or
dt . (5.2.8)
ihEU (t.t,) =HU(t,t,).

We transform this differential equation into an integral equation which meets
(5.2.8)

U(t,t0)=1+%j‘dt’Hj (tHU(t't,), (5.2.9)

which is verified by differentiating with respect to t. We insert (5.2.9) repeatedly
in itself like this

U(t,t,)=1+(-)
-jdp W(l + (—i)jdt2 #(1 + (—i):J%dts @()JJ

S e Hi(t)
=1+(—|)tj;dt1 .

+()° j'dt1 H1h(t1)}dt2 H17(;2) (5.2.10)

D HI(E)Y O HI(E)% 0 H(t ot H(t
()" [dt, 1}51)Idt2 1;(-[2)Idt3 1;(13)"'Idt“ 1 ()
t to to

h

)

with n — oo. From now on the index | will be dropped since all the results in this
chapter will be based on the interaction picture.

Apparently in (5.2.10) is t, >t,,. However, in the terms of second and higher
order the products of the H,'s can be written in arbitrary order provided that a time
ordering operator T acts on them. This operator was introduced in (3.4.2) and

(4.7.2). The upper limit of every following integral has to agree with the argument
of the preceding integrand. Time ordering means here

T(H1 (t1)H1 (tz)"'H1 (tn))=H1 (t1')H1(t2')"'H1 (tr:)'
where t; >t, >--->t, and (t/,t;,~--,t)) is a (5.2.11)

permutation of (t,.t,,-.t,).
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In (5.2.10) the upper boundaries are mutually dependent, which makes these

multiple integrals quite difficult to handle. Fortunately, however, following an idea
by Dyson (Dyson, 1949) the integration can be written such, that they all cover the

full time interval [t,,t]. For this let us investigate the term of second order in the
series (5.2.10). Because of t, >t, we can write

t Y t t
[dt, [dt,H, (1) H, (t,) = [dt, [dt,T (H, (t)H, (t,)). (5.2.12)
to t ) fo

t2 A

t Figure 5.2.1

Visualization of the
integrations in the
expression (5.2.12). They
cover a triangular area.

4

In figure 5.2.1 the integration (5.2.12)is shown, which extends over a triangular
area in the t,-t,-plane.

t, 4
t Figure 5.2.2
Equivalent way to integrate
over the same triangular
area as in figure 5.2.1.
tO
t, t t,

As sketched in figure 5.2.2, when the boundaries are suitably chosen one may as
well integrate first over t, and then over t,, i.e.

t Y t t
[dt, fdt, H, () H, (t,) = [dt, [dt, H, (8,) H, (t,), (5.2.13)
to to ) t

where t, >t, holds. On the right hand side we rename the integration variables
t, 2t ie.
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j’dt1tjdt2 H, () H, (t,) = jdpjdtz H, (t,) H, (t,) (5.2.14)

t t t, 4

with t, >t, on the right hand side. Therefore, (5.2.14) is equivalent to

jdtjdtz H, (t,) H,(t,)= jdt1jdt2T (H, (t,)H,(t,)). (5.2.15)

We add the equations (5.2.12) and (5.2.15) as follows

t ty t Y t
2[dt, [dt, H, (t,)H, (t,) = [dt, Udt2 +[dt, ]T (H, (t)H, (t,))
to to to to 4

(5.2.16)

= jdpjdtzT (H, (t)H, (L))

fo to

We have achieved that the boundaries of both integrals are identical. It can be
shown that (5.2.16) gets generalized into

n!jdp~--Tdth1(t1)---H1(tn)=jdy~--jdtnT(H1(t1)--~H1(tn)). (5.2.17)

to fo

Inserting (5.2.17) in (5.2.10) results in

© t

U(t,t,) :1+Z%(—i)” [dt, ---Jt'dtnT (H1 ). H (t“)}. (5.2.18)

n=1 h h

to

We verify that the expression (5.2.18) solves the original differential equation
(5.2.8) .Taking the derivation with respect to t we get using (5.2.11)

ih%U (tty)=in> - (-i)" %tjdp --.jﬂdtnT [H1 (t) H (tn)]

~n! h

= to

h
=iii(—i)nnH1 (t)jdt1---jdtn_1T H, (t1)...H1 (tm)J

non! . : A 7
=Z(n_11),(—i)“‘“ H1(t):{dt1- jodtn_1T[H1;§t1)---H1(“)J (5.2.19)
_y ] " t t () Hi(ty)

‘n;m(—') H1(t)£dt1---t{dtnT[ ” j

=H, (t)U (t’to)'

Here, in the first step we obtain n times the factor



64
t
%jdtk'w(tk'):w(t), k=1,---,n,
)

and then i(=i)" =i(-i)(~i)"" =(=)"". In the last step the term with n'=0 equals to
1-H,(t)/ n.

The main use of the time-evolution operator lies in its application to scattering
processes.

5.3 The scattering matrix

The scattering matrix (S matrix) is a central concept in quantum field theory as well
as in ordinary quantum mechanics. It describes the probability amplitude for a
process in which the system makes a transition from an initial to a final state under
the influence of an interaction. If one works in the “interaction picture” the time-
evolution operator is the right tool to use to evaluate the scattering matrix. In
constructing the S matrix we will proceed in a naive way. Some problems with this
approach are discussed in Greiner, Reinhardt, 1996, p. 269.

The scattering processes start with an experimentally given flux of particles or
quantas with target particles. This state is named |cDi>, where the index i

comprises its quantum numbers, and is given at the time t — —o with respect to
the interaction process. The state of the system at the time t subject to the

interaction is called ‘?’(t)> Therefore
lim_,_, |7 (t))=|®) (5.3.1)

holds. In the scattering experiments a specific final state |ch> with the quantum

numbers f is selected. We now want to formulate how strongly the asymptotic
state

lim

v (1)) (5.3.2)

t—-+o0

agrees with the mentioned final state |q§f>, i.e. we are interested in the amplitude

with which |@,) is present in lim

Y/(t)>. In other words, we are looking for the

t—>+o0

projection S; of the state (5.3.2) on the specific final state |@, ), i.e.
S, =lim,,, (& |7 (t)). (5.3.3)

We define S as the operator which transforms the initial state |cDi> to the

asymptotic state (5.3.2) influenced by the interaction, i.e.
lim,,,|#(t))=S|®,). (5.3.4)

Thus, equation (5.3.3) becomes
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S, =(&|S|®). (5.3.5)

The operator S transforms from the time t = - to the time t =+« . Therefore, by
means of (5.2.1) we state

S :U(oo,—oo). (5.3.6)

We insert (5.2.18) like this

S= 3 (-i) [ d, jdtT[H17§t1).--H1g“)J (5.3.7)

n- n'
where again the term with n =0 equalsto 1.

Because the Hamiltonians of free Dirac particles, (3.3.25), and of free photons,
(4.6.5), are linear combinations of products of a creating and an annihilating

operator, the interaction Hamiltonians H, (t) are more complicated superpositions

of these operators and the terms in S become more complex with growing order
n in (5.3.7). In the next section we will develop tools which allow us to approach

this task in an economical way.

If we write the Hamiltonian H, (t,) with the help of the Hamiltonian density # (t, )
as follows

:_[d3x’+l1(tk)
the expression (5.3.7) gets into
S At () 4()
s_gm( iy . . T( , tlk (5.3.8)

Knowing the S matrix elements of observable quantities, we can, for example,
calculate scattering cross sections and decay rates by taking the square of these
elements and performing some kinematical manipulations.

5.4 Wick’'s theorem

As mentioned in the last section, the calculation of the S operator or of the S
matrix element S, (5.3.5), can be very laborious. Especially the “time ordering” in

(5.3.8) makes it rather confusing. Fortunately, there is a very elegant and efficient
tool that can be used to systematically evaluate any complicated time-ordered
product. This is Wick’s theorem, which we will derive in the following.

We will show that “time ordering” is closely connected with the “normal product”,
which was introduced in section 3.3 and used in (4.6.1). First, we split the field

operators, which we name generally ¢(1) in two parts like this
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P(x)=0"(x)+o (x). (5.4.1)

Specially for Dirac particles, (3.3.29), which we transform to box normalization
using (3.3.30), we have the following partial field operators

2 ) i(ﬁi—E(ﬁ)xolc)/h

”“i)br (F)w, (p)e

mc - _ —|(px—E(p)x°/c)/h
_ v, (p)e :
Ty _ mC2 N\ 4o |(px—E(p)x°/c>/h
X)= — d, (p)v, (p)e
" (x) E(). (P)w ()
_ 2 d3p mC2 _ _ —|(px E(p)x° /c)/h
(x)= b (p)w (p)e
o (=2 em® (P ()
and for photons (Bose particles) from (4.5.9) for a certain x we define
Za l—(' e | lz |(kx—a4<x°/c)/h’
\/‘90 I\/Za)k 27[34:0 ()2 8)
(5.4.3)

\/; V20, ( 27z

The parts @'(x) contain the wave functions g PERNIE)/n o GBIl 4 the

annihilation operators b, (p),d, (p) or aA(IZ). The parts ¢ (x) contain the wave

(px E(p)x° /c) or e—i(l&—@(xolc)/h

functlons e and the creation operators

b/ (p.) ora}( )

We give the field operators ¢,(x) and ¢)B(3_/), which are both either bosonic or

fermionic. Owing to (5.4.1) the product of these field operators reads

P (X)@s(Y ) =0n (X)@5 (Y ) +@4 (X)@5 (Y ) +@a (X)@a (Y ) +@a(X)@5(Y ) - (5.4.4)
The second term on the right hand side contains products of annihilation operators
and creation operators, where the annihilation operators, b, (p),d, (p) or aA(E),

are on the left. We apply here the normal ordering of the operators @ and @~ (in
section 3.3 it has been defined for the operators b, d, --- and it was used in
section 4.6). If we form the normal ordered product

PA(X)Ps(y):
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we have to arrange the partial operators in (5.4.4) so that in no product an
operator @ is at right of ¢, i.e. in the second term on the right hand side ¢)+(5)

and (p’(x) have to be interchanged. As demanded in section 3.3 for Fermions

(Dirac particles) field operators this exchange goes along with a change of the
sign, and for bosonic operators the sign remains the same. Therefore we introduce
the sign parameter

=1 for bosonic operators

. (5.4.5)
& =-1 for fermionic operators.

So we can write the normal ordering of (5.4.4) as follows

Pa(X)0s(Y): =01 ()05 (¥ ) + 205 (Y )or(X) +@n(X)@5 (¥ ) +@a(X)@s(y).  (54.6)

Normal ordering of a product of, say, four field operators @,(v), @5(W),@.(x) and

¢’D(X) creates summands like (for instance)

@5 (V)0 (W)es (X)@5 (Y ): = £° 05 (W)@ (¥ Jon (v )es (%) (5.4.7)

Thus, generally, in every summand the partial operators ¢* and ¢~ are reordered
in such a way that all ¢ 's stand to the left of the ¢'s. Every transposition of ¢"
and ¢ adds a factor ¢ to the summand.

Using (5.4.5) we interchange the operators in two summands of (5.4.6). From
(5.4.2), (3.3.9),(3.3.27) and (4.5.12) follows

2. (x)o5(y) =05 (Y )oa(x) and

5.4.8
0a(X)Ps(Y) = 205 (Y )oa(x), 549
which we insert in (5.4.6) as follows
A (X)@s(Y):
=205 (y )a(x)+ 205 (¥ )i (X) +@ (X)@a (Y ) + 05 (¥ )@a(X) 549

- g(¢; (¥)on(x) +@5 (Y )or(X) + 04 (X)@5 (Y ) +95 (X)(p;(l))
= 8:¢B( )¢A(l)

Thus, except for a possible sign factor the order of the operators within the
argument of a normal product does not matter. This holds generally for normal
products involving more than two factors.

A similar rule holds for time ordering. Due to (3.4.2) and (4.7.2) we write



fort, >t,
fort, >t, T (¢A(£)¢B(X)) = 5¢’B(X)¢A(5)

We note that the time ordered product is also invariant under permutation except
for a sign factor.

Now we evaluate time-ordered products and start with the product T (%(X)(DB(X))

of two field operators. First we assume that the time arguments are ordered such
that t, >t,, allowing us to write

T(@a(X)@s(Y))=0a(X)@s(Y)
(005 () 401 ()05 (V)40 (X)os (v) 401 K)aly).

Except for the last term the products are already normal ordered. This term can be
written as

(5.4.12)

where we assign the upper sign to Bosons and the lower one to Fermions.
Therefore, with (5.4.5) we obtain

01 (X)@5(Y) = 205 (¥ Jon(x)+[ @n(x) @5 (y) | (5.4.13)

F

Due to (5.4.3) the Boson commutator
[@i(x)@a(y) ]| (5.4.14)

is a linear combination of the commutators [al(IZ),a}(lz’ﬂ . According to

(4.5.11) they equal —gM,53(IZ—IZ’) and therefore the commutator (5.4.14) is not

an operator but a c-number (real or complex). Due to (5.4.2) the Fermion
commutator

[2:(x) 2a(y)]. (5.4.15)

is even zero because it contains anticommutators of the form [br (p).d/ (5')1,

r

which vanish (c.f. (3.3.27)). For a c-number c the relation (0|c|0)=c holds, i.e. it
can be replaced by its vacuum expectation value and we can write
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| #:(¥) @a(y) ] = (0l @a(x)@5(y) ] [0)
= (0]@x(x)@s(y)[0) 7 (Olpa (¥ Joa(x)]0).

The last term in (5.4.16) vanishes because @, (x) contains annihilation operators

(5.4.16)

which act on |0). Because of
0'|0)=(0jp =0 (5.4.17)
we have

(0lpa(x)@s(y )|0) = (0l@i (x)@s (v ) 0) +(Olei (x)@s (¥ )] 0)
+(0l@a(x)2s(y)[0) + (Olpa(x)es(y)|0)  (5.4.18)
= (0l (x)@s(y)[0),

which we insert in (5.4.16) like this

[ 2:(X) @a(y)]=(0l@a(x) @6 (y)0) = (O[T (¢4 (x) @5 (y))[0). (5.4.19)

The last step is based on the condition t, >t chosen preceding (5.4.11). We
insert (5.4.19) in (5.4.13) and put this expression in (5.4.11), which yields

T(2a(x)06(¥)) =04 (x)26(y)+ O[T (2a(X)@s(y))I0).  (5:4.20)

This equation has been derived for t, >t . However, it also holds true in the
opposite case t, >t . We show this using (5.4.9), (5.4.10) and (5.4.20)

T(eal ( )) =T (Ps(y)oa(x))

o (¥ )@a(x):+2 (0T (@5 (y )@a(x))[0) (5.4.21)

=:¢A(5>¢B(x):+<OIT (2a(x)2a(y))I0).

Thus, the relation (5.4.20) is valid in general. The last term in (5.4.21) is a

vacuum expectation value and therefore a c-number. Further, the normal ordering
of a c-number is defined as the c-number itself. Therefore, “normal ordering” of

this term in (5.4.21) does no harm and usually this equation is written as

T(@a(X)@s(y)) =@ (X)@s (Y )+: (O[T (Pa(x)@s(y))|0):.  (5.4.22)

Since the vacuum expectation value of a T-product of two operators frequently
occurs it is given a compact notion. One defines

@(x)pa(y) = (O[T (@4 (x)ea(y))[0). (5.4.23)
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It is given the name “time ordered contraction” (or simply contraction) of two
operators. By means of (5.4.23) the equation (5.4.22) is written like this

T(@a(X)@6(Y)) = @a(X)@6 ()04 (X)@s(y):. (5.4.24)

| S

Multiple contraction can be applied to a product of many operators which we name
A,B,C,---,M and which we give in normal ordering. For example, using (5.4.9)the

following contraction can be written like this

:ABCD EF ---KLM---:=¢ :ABF---KM---C ED L
CDE %o cEDL (5.4.25)

e —

here ¢, =+1 is the parity of the permutation of (fermionic) operators during the
moving to the right.

The procedure which leads us to (5.4.24) can be extended to the product of three
operators. We first assume the time ordering t, >t >t,. Then we find using
(5.4.20) and (5.4.23)

T(@a(X)26 (¥ )0c(2)) =T (2a(x)@s (¥ ))oc (2)
=0, (X)Ps (Y )0 (2) +@4(X)Ps (¥ )P (2)- (5.4.26)
We deal with the first term on the right hand side and drop the arguments
X,y,and z:
Pa(X)@s (Y )0 (2)
= (0r0: 0,05 +0;. 05 6000 01) (9240 ) (5.4.27)
=P AP Pc TP P Pc TP P P +Ep5 P PP
PP P AP P P PP P +Ens P PaPc -

We work on the second up to the fourth term on the right hand side, where we
move @. to the left. By means of (5.4.13) we write

D p P P =Eec PaPc Po+Pu| P5.0c | (5.4.28)

¥

0 0:0: =0} (e 9c 03+ 00 02 | ) 5429
= Sacénc P PrPs +oac | Pr e | Po+OL P2 0 |
Ens P PhPc= Ensbnc Po Pc Ph+enc P OhPc | - (5.4.30)

¥

We insert (5.4.28) up to (5.4.30) in (5.4.27) like this
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P\Ps P =P, P P +Eac PpPc Pp +pcEnc P PaPs
+Ep5E0c P Pc PatPAPs PP, P OF
PP P+ 610 P PAPLHPA| Pi Pe |
*ooc | OnPC | PutOL @a P |+ Ph0c ] -
Due to (5.4.16) and (5.4.18) we can write

(5.4.31)

| @55 | = (01@:95|0) = (0]¢, @, 0). (5.4.32)

Analogously we obtain according to (5.4.23)
(020 | =(0l@.0c|0) =g, 0. . (5.4.33)

We remember

Dp PP =P P PP P P+ PP PP AP P
HO NP P PP PP P PP AP P
=@M P P+ PP PC+Eac PAPc P +PAP: e
+ Epglac Po Pc Patens PoPaPc+éacinc Pc PaPe PP e -

(5.4.34)

We insert (5.4.33) and (5.4.34) in (5.4.31) as follows
PrPe-Pc=PrPePc-tPrPsPctPrPsPc . (5.4.35)

The last term has no sign factor because according to (5.4.25) and (5.4.33) the
following is true

Zac |9 0c | 0001 000c= 0,000

(5.4.36)
and 2,0 9o 91.0c | = 9100 0= 0,020 -

We insert (5.4.35) in (5.4.26) like this
T (@a(X)2s (¥ )ec(2))
= @a(X)Ps (¥ )oc (2)+:04(X)Ps (¥ Joc (2): (5.4.37)
+0,(X)0s (¥ )oc (2):+0.(x)0s (¥ o (2)

this result has been derived under the assumption t,,t, >t,. One can show that

(5.4.37) holds true for the cases t,,t, >t, and t,,t, >t, as Greiner and Reinhardt,
1996, p. 229, mentioned.
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The relation (5.4.37) can be generalized to products of more operators. This is
the essence of Wick’s theorem. Given the operators A, B, ---, Z one can write the
time ordered product like this
T(ABC---XYZ)=:ABC---XYZ:
+:ABC..-XYZ:+:ABC.--XYZ:+..-+:ABC--- XYZ:
| I— L | I—

+ AB CD---XYZ:+:ABCD---XYZ:+---+:ABC --- WXYZ: (5.4.38)
| IS ) E— | I—IL,._l | I ( —|

+ sum over triply contracted terms
+ higher contractions.

The second line of (5.4.38) contains all possible single contractions, the third line
all double contractions and so on. We recognize that our earlier results (5.4.24)

and (5.4.37) are special cases of (5.4.38). Greiner and Reinhardt. 1996, p. 231,
have given a general proof of Wick’s theorem.

We see, contractions play an important role in Wick’s theorem. We put together
the contractions with which we have become acquainted. First, we write down the

contractions of Dirac fields. Equations (5.4.23) and (3.4.4) reveal
0.(x)8,(y) =0T (2.(x)84(y))0) =18, (x~¥) (5.4.39)
and (3.4.38) states

Seop (X-y)=(i, +mel/ h) A (x-y)
:J- d*q o aly) (g+mcl/ h)aﬂ | (5.4.40)
(27[)4 q2 —(mC/ h)2 +i8

For photon fields the contraction reads due to (5.4.23),(4.7.1) and (4.7.9).

A ()AY (y) = (oI (A" (AT (y))lo)=iDF" (x-y) g,
e—ig(z—x) A

4
_ q _
B Ig”vI(Zﬂ)4 q° +ie &C

5.5 Interaction between quantized Dirac- and Maxwell fields

The classical Lagrangian of quantum electrodynamics involving a Dirac particle
and a photon field was introduced in (4.3.1) up to (4.3.3). We write it like this

£= EDirac, free + EMaxweI,free + £1 (55 1 )

with
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dy
£Dirac,free = v (lhl//-l—thCd dX() — —mc gl/_/j
1 & dA dAY
= . , 55.2
L‘Maxwell,free zﬂo !;0 dX('u) dX# ( )
3
L =—>9,.0e¢ (Xt)zy(%t)A"
u=0

Due to (1.4.13), (3.1.14), (4.2.9) and (5.5.1) the Hamilton density of the system
reads

. dt/f $ oL dy
H ‘ + “— irac. free
ZG(dwkj AT
dt dt
S oL dAY
Z 0o EMaxweII, free (553)

Line one and line two on the right hand side represent free fields. Therefore, the
last line is the perturbation part of the Hamilton density according to (5.1 .1)

H=Yg,ecy’ (R.1) a,p (1) A (Z.1). (5.5.4)

In line with (3.3.1), (3.3.2) and (4.5.4) we replace y,y'and A*) by field

operators and apply normal ordering in order to renormalize the energy scale (c.f.
(3.3.32))

H(x) =2 g.0c' (X)2,¥(x) A" (x): (5.5.5)

We insert (5.5.5) in (5.3.8) to obtain the S operator for interactions between
Dirac particles and photons

d*x, d'x

n
gmm T () S g#nﬂn T (#n)
T v (%), w(x) A (X)) =2y (%, ) e, (X, ) A (X,):
#1:0
(5.5.6)

With this infinite series we perform a perturbation approach using the terms of the
lowest order (lowest n values). It can be shown that the case n =1 is too simple
for describing a physical process. The corresponding S operator reads
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—|ejd X— Zg!w (X)a _!,y_/(g)A(")(g):. Inserting  (3.3.9), (4.5.9) and

(3.2.25) results in expressions like [d*x PPN _ 97) it 5t (£p+p'+k),
which stands for +p+p’=3k’ or +p+p'=5k and simultatneously for
+Jm?2c? + p2 £Jm?c? + p? = %i%_Jr%:rr k?, which is not satisfied
simultaneously. Therefore S does not exist.

We go to the second order S operator

1

(2) 4

S 27 ie jd X J'd X

2 g oy 4 . : g 242 2
T{z ;lﬂ ZT(X'I)QMW(Z'I)A(H)(X'])Z ﬂhﬂ 'Z (— )Qﬂzw( ) (ﬂ)(XZ)j
=0 =0

(5.5.7)

where S=1+S®  holds. (5.5.8)

Because all resulting terms in Wick's theorem (see (5.4.38)) have normal
ordering, the normal ordering in (5.5.7) has no additional consequences and we

can apply Wick’s theorem as if there were no partial normal ordering in (5.5.7) .

Following (5.4.38), in (5.5.7) contractions like v, (x) ¥,4(X) should appear.

However, normal ordering generates terms with operator products
d'b,d'd,b'b and b'd, the vacuum expectation values of which,

(0|d"b|0), (0|d"d |0), etc., all vanish, i.e.

v, (X)w,(x)=0 (5.5.9)

Thus, such contractions don’t enter in the s operator. Moreover, contractions of
the type ¥« (X)W ,(X.) don't arise, which can be seen using (5.4.23), (5.4.18)

and (5.4.2) assuming t, > t,
V’a(l_&)l'//ﬂ(xz) = (O[T (W (%)W 5())[0) = Olwa(x, ¥ 5(%.)[0), (5.5.10)

which contains terms with (0|b, (p,)d (p,)|0) due to (3.3.29). From (3.3.27) we
take

b. (B,)d; (p,)=-d; (B,)b, (B,), which yields (5.5.11)
(0[b,, (B)d, (P,)[0) =-(0[d;, (B, )b, (F,)[0) =
and VL‘M w,(x,)=0 (5.5.12)
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since all other terms vanish.

For t, <t, one gets the same result. Analogously there holds

v, (X )w, (x)=0 (5.5.13)
l//a A(lu) :y,aT A(#) = 0 . (5514)

After these preparations we are able now to write down the Wick expansion of the
S operator ( in fact the S operator of quantum electrodynamics) in second order,

(5.5.7) . According to (5.4.38) there is one term without a contraction, three terms

each involving one and three terms involving two contractions, and one fully
contracted term:

. 2
-le
S(z) = %Id4x1d4xz

o g (5.5.15)
(#;O Z ;lv v (x)ay(x )y (lz)gvV_’(lz)A(ﬂ) (51)A( )(Xz)

03 % Sy (1) o ()0 A () A () (5:5.150)
Hﬂio 9;;,, g;lv V_/TI(&)Q‘# v(x ' (x;)e, VI_’(Xz ) A (51)A(V) (x,): (5.5.15¢)
+Z g;.;” g;[ v () 2y (6 ()2 v (%) A () A" (x,): (5.5.15d)
03 % By (), W () () A (1) A" () (5:5.15¢)
+Z g;j‘ g;; v ()2 p (e ()2 () A () A" (x,): (5.5.15f)
+:§_“O ggy g;lv V_,IT(&)Q#V_,(XI—J,/I_,T (&)gVV‘II(&)A(#) (51)A(v) (52): (5.5.159)
PR e (e A WA g

Contractions of Fermion spinors stand for the totality of contractions of the
involved spinor components.
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The expressions (5.5.15b) and (5.5.15¢) obtained from the decomposition of the
S operator are identical. This is true because using (5.4.25) we obtain from
(5.5.15b)

In (5.5.150)we rename X, 2 X, and z = v and exchange the ordering of the
field operators

In the next sections we will calculate the matrix elements S, of electro dynamical

processes. This type of matrix elements dominates the cross section of the
corresponding reactions of particles or quanta (c.f. sections 6.1 and 6.2). Due to

(5.3.5), the element of S; is defined by means of the S operator
S, =(&|S|®). (5.5.16)

The initial state |cDi> of the system is mostly given by the experimental procedure.
One is interested in the frequency of the final state <@f | which can be investigated

experimentally. As mentioned in the area of (5.3.1) these two states are defined
by their quantum numbers and can be written like this

(@) = |+l Pl KA. (5.5.17)

Here p,r,,p,r, and k4 designate the momenta and the ordinal numbers of the

electrons, positrons and photons. The many-particle states are constructed by
applying the creation operators on the vacuum

@) =-+bi, (p)--d (pn)-+-a; (K )-+{0).. (5.5.18)

Normalizing factors can be added on the right hand side in order to generate the
correct dimension of S; (see (5.6.1) and (5.7.1). For the final state analogously

holds
(@, |=(0]-++,a, (K/),-+.d,, (py )by, (P ) (5.5.19)

In the following calculations which are based on S?, (5.5.7),(5.5.15), in every
state only two particles or a particle plus a photon will appear.
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5.6 Electron-electron scattering

We study the process of so-called Mgller scattering in which two electrons with
momenta and ordinal numbers p, r, and p, r, in the initial state are scattered into

the  final  state  with  p/r'and p;r,.  According to  (5.5.16),
(5.5.18), (5.5.19) and (5.5.8) the S matrix element is given by

Sy = (0lb,, (p2)b.(P7)S by (p:)br (P2)[0)€"
= (0lb,; (p:)b, (1) b, (P10 (P2) 0)¢" (5.6.1)
+(0lb,; (p2)by; (p)S™ by (p1)b7 (P, )] 0) "

The operator S and the matrix element S, are dimensionless. However, due to
(3.3.8) the operators b and b" have the dimension [momentum ’3’2]. Therefore

the normalizing factors &£ with dimension [momentumm] are added. The
penultimate term can be left out. We have to consider that outgoing electrons
which move in the direction of the incoming ones or oppositely aren’t measured,
ie.

p;#p, and b, (p;)b! (p,)=-b! (p:)b,(p;)

according to (3.3.8) . After further permutations one obtains due to p; = p,

OIb( 2)by (p1)by ()07 (12)[0)
= (0l ()b, (2)b:, (p2)by (1)

Therefore, the last term in (5.6.1) is the second order S matrix element for

(5.6.2)

)=0.

electron-electron scattering. We claim that the expression (5.5.15d) has to be
inserted for S in S, like this

-ie
S, :%J'd“xp“xz

(0o, (p ) (p)i Ly (%), 0 () 2 ()2 p(x ) (563)

u,v=0

A 88 ) 1), 2O

According to (5.4.1) every field operator y or ' can be written as a sum of two
parts. Due to (5.4.2), in (5.6.3) the part y~ contains the operator d’ (q) and y™*
comprises d  (G), where we have replaced (p,r) by (q,p). Normal ordering

sand y''s to the left and all w*'sand y'*'s to the right i.e. the
d''s are moved completely to the left and the d's to the right, for which reason all
summands in (5.6.3)vanish which contain d', d or both. Therefore, in the matrix

brings all
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element (5.6.3) there remain only the partial operators y* and w'~, which carry
b or b" operators. We write them down

): (5.6.4)

Using the plane wave expansion (5.4.2) and the expression (5.4.41) we arrive at

2 d®qg, [ me? (d’q
i d*x,d*x 1 2
S 2'h2 '[ 2,31 p2;3p4—1-|. q1 J. (qz)

_qu:; mc® d’q,
EW\E(d:)" eW ()

. Z Wp1 (q1) 1X1 (Q1)X1/c)/h gﬂﬂWp (qz) |( Gp%y— (qz)x?lc)/h (565)

9w (q4)ei(d4X2—E(d4)x2/c)/h
oy \ A

IR~

(0[by, (pz )b, (P7):b, (a)b,,, (2 )07, (9 )b,, (a4 )b (Rs) by, (2 )[0)-

we resolve the normal ordering in the vacuum expectation value. The product
b}, (a:)b,, (% )b, (d )b, (9. ): equals to ~b], (a,)b}, (4 )b,, (9 )b, (as), which
we insert in the vacuum expectation value, and we bring all b''s to the left and all
b's to the right using (3.3.8) like this

~(0b, (2 )b, (p1)b3, (91)b3, (g )b, (g )b, (g )7 (R4)b7, (p2)]0)

=—=(0[b,; (pz)(~b7, (9 )y (B7)+ 0, ° (B ~6) )by, (G ) -+~
=0l (b*(m) (2) 9:,5° (B >)b,(p;)b,; g,

+0,,6° (B =, )by (p2)b, (a5 ))--

=—(0|(-5,,,5° (B - *)( b!, (ds )b, (p;) + &y, 5° (B; — G )
+6,,0° (P - q1( ' (as)b, (p )+5 5*(P, - qs))----
(5r1p353(p1 Gs) S, 0° (P2 =) =6, 8 (P =y ) S, 8° (s — qs))
(5%53(}31 0s),,,6° (P, =0,)=3,,,6° (B, = 0,)S,,,6° (P, — q4)).

(5.6.6)

Using (3.4.8) and (5.6.6) we write the S matrix element like this
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_ei(—,_— =

+ei(91’—91)51/ hei(gé—gz)xz/h

Equation (4.7.9) reveals that in D (x,-x,) the indices xand v can be
interchanged and x, can be interchanged with X,. Therefore, the third term in
(5.6.7) is identical to the second and the fourth term is identical to the first and we
can write

s - (—ie) mZc (é’j“
T (R E (E(R) L €
: ZOiDé‘ Y (X - X,) (5.6.8)

[e (ps- pz)lehe(E{*Q)&/hWT (E ) 2,9, W, (pz) W, (p1)vagw W (E)
_61(92*91)52/hei(E1'*E2)51/hw:; (E )a g,Ww . (p1) W, (p1)Qvgw Yr, (E )]

The expression (5.6.8) is a difference of two terms. The first one is named direct
term and the second is the exchange term.

With the Fourier transform (4.7.9/ 10)

D&Y (X, —X,) = —ed 9 gl x)par (q) with
(27)' B

~9,, h

(5.6.9)

D (9) - q° +ie &,C

the part of the direct term which contains x, and x, becomes

J= J‘d4X1d4Xzei(Eé—Ez)XZ/hei(Ei‘&)&/hJ’ d4q 7ig(g1f&)DéIV (9)

(27)’

= J'd4x1J‘%ei(P%—PF%)xuhDé,v (g)jd4xze(gé—92+gh)gzlh-
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With the substitution y, =x, / 7 and the four dimensional form of (3.2.25) the
relation _fd“xzei(gé'gﬂh)&m =n*(27)' & (p; — p, +k#) holds and we obtain
R —) Lo ipp (q)it (22" 5 (0} — p, +ah).
2

With the help of (6.1.33) we get

i(P1=P1+P2—P2 )x4/ 1 v E _E’
J:jd“x1e(9 Pi+P5—P2) D/ (%)

, (5.6.10)
: : [ PP
= (27)' n*s* (p;—p;+p; - p,)D¢ (—1 h_1)
and similarly for the exchange term
_f 0 x,d*x,oB Bl Bt J‘ d4k4 Kixox)p ()
—62 K
(27) (5.6.11)
' , (Pi=P
= (27)' n*s* (py—p, +p; — Py ) DF [ ! - ZJ
The & functions in (5.6.10/ 11) reveal
P+ P, =P+ P, (5.6.12)
which means E(p,)+E(p,)=E(p;)+E(p;) (5.6.13)

and 51+52= 51"*‘6’2 )

i.e. the energy-momentum conservation of the scattering process is satisfied. The
S matrix element finally reads

i(—ie)2 (27[)4 n mzc4

fi T h2 V2 \/E p1 p1) (@)
5, 4
(gj 54(E{+E£‘E1‘Ez)'
3 wl PP
> W), (p})a,g,w, (p,)Dt ( - ]wq(g)gvgwwn (py)

uv=0
~w,(93)e,0,,w, (p)Dg | 22 |w, (p7) 2,0, w, (p,)]
h

The result (5.6.14) has also been obtained in quantum electrodynamics by using

(5.6.14)

a heuristic propagator formalism. However, field quantization provides a solid
theoretical frame work for this and similar results.
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For the construction of (5.6.3)we have chosen the S matrix element (5.5.15d)

and the result was reduced to (5.6.5) where in the normal ordering domain there

is only the same type of creation- and annihilation operators as outside the
“normal ordering”. Similar arguments which lead to (5.6.5) reveal that this is true

for all the reactions which are treated with a S matrix element (5.5.15). We will
apply this rule in the next section.

5.7 Compton scattering

The initial state for Compton scattering contains an electron p,r and a photon
k,4, whereas the same particle and quantum in the final state are characterized
by p’,r" and k',4". In analogy to (5.6.1) the scattering matrix reads

Si =(0[b, (p')a; (K')S & (k)b (p)|0) A%

=(0[b, (p)a (k')s a; (k)bf (p)]0)A%€™, 671

where the unity operator in S could be omitted with arguments similar to
(5.6.1/ 2). In analogy to (5.6.1) a normalizing factor A" is added in order to

eliminate the dimensions of the a'sandb's. The dimension of A’'and 'is
[momentumm} . In order to fulfil the rule given at the end of the preceding section
we choose S® from (5.5.15b), which is identical to (5.5.15¢c) as shown above.
Therefore a factor 2 results (see also (3.4.1) and consider ,§2 =1)

) (5.7.2)

With similar arguments as for (5.6.4) from y'(x,) we use only y'*(x,), and from
w(x,)onlyy*(x,) is kept. In the product A (51)A( )(xz): the term
A" (x,)A"" (x,) does not contribute to the result because of
k;)a(k")a’ (k)[0)

(5.7.3)

k )|o (ki)a(
=<0|a<k1)a(kz)(a*(k>a(k>+5 (k=K))/0)=o0.

Again, k'=k is excluded because such quanta k’,A' aren’t measured. An
analogous relation is true for A“" (x,) A" (x,). Therefore, only mixed A*-terms
appear in S; like this
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S, = (ie)’ jd X,d X, A2E"

<0| br' (_ ) A (K’):‘[_/Ti(l1 )gﬂgﬂﬂ y/l(il)'/:ji(éz )ggvgw '/_/+(X2 ): (5-7-4)
(AU (%) AT (%) + AU (%) AU (x,)):a] (K)b! (p)]0).

Using (3.4.8),(5.4.2),(5.4.3) and (5.4.39) we obtain

. 3 2 3 A!ZSIZ 1
:(—|e)2J-d4x1d4xzz > > P,

=0 prpa =t 211 7p=0 goh

d’ 9 mc d’ Q, mC
I SR AL J o J -
W; (a1)elg1X1/ha g;lﬂls (X1 _X2)ﬂ %QWVl’pz (az)e Igzzzlh
[‘9;1,11 (K1)eik1x1/h ( ) —ikoX, / 7 (575)
.<0|br’( ’) (k ) b’r (9 )b (gz)aL (K1)aﬂ2 (Kz)a; (K)b: (E)|0>

+5,,,,11 (k) gkl h ( )IKZXZ/E
{0fb. (') (k' ] (@b, (3, (k))a',, (k. ):a; (k)b; (p)[0)-

As in (5.4.2) and (5.6.5) we have gone to the box normalization of electrons i.e.
1

1
b
J(@zny YW

value in (5.7.5) becomes in analogy to (5.6.6)

we have replaced (c.f. (3.3.30)). The first vacuum expectation

The second one reads
8,:0° (Gy = P')8,,6° (G, = B)5,6° (K' =k, )5, 5 (K =k ). (5.7.7)
We insert (5.7.6) and (5.7.7) in (5.7.5), which yields

_ 2 12 o012
. ( |e) me J'd x,d sz £
52v 27)° JE(P)E(P')2e, 23,

he,h

3w (P08 (% —xz)ggvng_v, (p)e™ e (5.7.8)

u,v=0

[g#’l (K!)g‘,’/1 (K)elkx1/he + 8 (k) - (Kf)efigdheik’gz/h].
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From now on in analogy to (5.7.5) (c.f. (3.3.30)) we go to the box normalization
h3/2

by ViLk The factor A has

for photons, i.e. in S;, (5.7.8), we replace 13/2
27r)
the dimension [momentumm] in the same way as &.

The quantity S.(x,-X,) is a 4x4-matrix and due to (3.4.38) and (5.4.40) it
represents a Fourier transform of the form

d*q

Se (X —%,)=|-——z€ 4%7&)5 (9)
(27)
| g me /b (5.7.9)
with S; (g) = = 5 .
q* —(mc? / h) +ie
Similarly to (5.6.14) we obtain
Sf' :i(_ie)z mC2
1 2 — —
v \/E(p)E(p’)ZwKZa)k,
12 o012
n*(27)" &* (p'+k'-p —K)hizh:" jziz Lh
%o (5.7.10)

\ T ' p + K ’
) zo [V—vr' (E ) g;tgmtéF (T]ggvngl/r (E)gy,l' (K )gv,ﬂ (K)
=

—k’
(p')2.9,.5 [9—‘Jggvgvvv_vr (p)e,.: (k)& (K]

=+

+W
B h

the S matrix element is the main ingredient of the scattering cross section, which
we will deal with in the next chapter.



84

6 Scattering cross sections

Cross sections are important quantities in order to verify the quantum field theory
(or the quantum electrodynamic theory).

The differential scattering cross section states how many particles or quantas are
scattered per target particle per unit solid angle in a certain direction per time unit
owing to a given current of incident particles (quantas). It has the dimension of an
area.

6.1 The scattering cross section of electrons

In order to describe the number of states the box normalization of wave functions
is best suitable. In this model we consider only wave functions in a — relatively
large — box. We choose a cubical box of volume V =L°. We demand that — for
instance — the x-dependence of a wave function is identical at x =0 and atx =L.

Thus, for the function e™*'" we demand
1=e% =eP!/" (6.1.1)
or p,L/nh=n2r, n, integer
andp, L/ h=n 27 (6.1.2)
p,L/ h=n,2x.

The whole number of states for p within L® is

L 3
N = r]xr]ynz :(2_7[?1) pxpypz'

(The often given interpretation of this expression as a result of standing waves can
be wrong by a factor 2°). The momentum range dp,dp,dp, comprises

|_ 3
dN =| —— | dp.dp,dp, states
(LT wnanon

or dN=—Y _d°p. (6.1.3)
(27h)
For photons holds N =— ~d°® (6.1.4)
(27h)
If there are two particles we have
dN=—Y _d°p,—Y_d°p,. (6.1.5)

(272?1)3 (27n)

The cross section is determined mainly by the S matrix element S;. As mentioned
in section 5.3 this element is the amplitude with which the envisaged final state
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|@,) is present in the asymptotic state lim,_, |¥(t))=S|®). We know from

quantum mechanics that the absolute square of this amplitude is just the
probability for the existence of the final state |cbf>. Or, in other words, for particles

t—o0

with initial momenta p, and p, the quantity ‘Sﬁ (91',92;,91,92 )‘2 is the probability to

reach the final state with momenta p; and p,. Consequently, the expression

3

d’p; , d°p;
3 V 3
(27rh) (27Z'h)

' ’ 2 , , 2
‘Sfi (91’92’91’92 )‘ dN :‘Sfi (91’92’91192 )‘ \% (6.1.6)
denotes the number of states which are reached in the momentum areas d°p;

and d®p, near the momenta p; and p, starting from the initial state (51,52) owing
to the electromagnetic interaction.

We now deal with |S; |2 and investigate how the box normalization can be used to

transform the square of the ¢ -function in (5.6.10/ 14). We look into the one-

dimensional integral we‘ApX’h:ZEhé(Ap) (cf. (3.2.25)) and reduce the

—00

integrating sphereto —-L/ 2upto +L/2 withL>#a/ Ap

27Z'h5(Ap) = Ijo eiApx/hdX ~ J‘:_//zzeiApx/th
h Qi (L2 2n sin(ApL / 2h) (6.1.7)

iAp Lz Ap '

We form the square of the expression (6.1.7) like this

(6.1.8)

2nsin(ApL / 21)Y
Ap

and consider (6.1.8) as a function depending on Ap. It shows a peak at Ap=0

with the height L* and zeros at iz—fh = Ap,.,- Outside this region the oscillating

function decreases rapidly. The area under this peak is nearly triangular and can
be approximated by

2-27h

1 1
—2|A 12 =—. 12 =27hL . 6.1.9
5 2[8Paer| L = 5 7 (6.1.9)

zero

Therefore, it is not surprising that

Im(Zhsm(ApLIZh)

2
jdAp:2nhL (6.1.10)
Ap

holds exactly, which is proven by Greiner and Reinhardt, 1994, p. 93. On the other
hand, using the definition of the ¢ -function we can write
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[ 27nLs(Ap)dap = 27hL . (6.1.11)

The integrands of (6.1.10) and (6.1.11) are equivalent

(21& sin(ApL / 2

v )J & 27hL5(Ap). (6.1.12)

Referring to (6.1.7) we replace the function on the left hand side of (6.1.12) like
this

2n sin(ApL / 2h)
Ap

+L/2 iADX +o
= J.—L/Z @iaPx/ gy :J'_w @IaPx/ iy ’—”27[7’15(Ap) (6.1.13)

resulting in (27zh5(Ap))2 < 27hL5 (Ap)

) (6.1.14)
or (5(Ap)) eﬁ&(Ap)
and (5(Ap,)3(Ap,)5(Ap,)) © (2%}1}3 5(Ap,)5(Ap,)5(Ap,)
2 ¥ ) (6.1.15)
or (6°(5p)) ) 5% (3p).

We go to four dimensions and for the time we give the range T or we say that the
scattering process lasts for the time T, i.e. the zero’th coordinate x° =ct carries on
cT . Instead of (6.1.14) we obtain

2 cT
S(A —(A 6.1.16
and in four dimensions we have
2 VTc
ot (A < 5t (Ap). 6.1.17
(5" ()] > e (40) (61.17)

Owing to (5.6.14) we write

4
wt-(3)
Y

(27r)8 m*c®

, (6.1.18)
. hs 54 ' o _ 2 el M-2
cFEREEER O r e )5
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with M,
3 -
= > W, (p)2,0,w, (Ez)Dé”(B hB jv_vr? (pi)2.9.w, (p;)  (6.1.19)
#v=0
-, (59, ()0 | o ()0, ()

or using (6.1.17)

4
2 e
s ()

_ (27r)8 m*c® VTch®
E(ﬁ1)E(62)E(51')E(5z’) (27Zh)4

(6.1.20)

AN 2
54(E1I+Eé—91—92)(§J ||V|ﬂ| .

We will calculate the scattering cross section in the centre-of-mass frame of both
electrons. In this system holds

P, +P,=pP;+pP, =0 and thus

61' = _52” 61 = _52 and

6.1.21
E(p;)=m’c* +p;2c? = mc* + p2c® =E(p;) and ( )
E(p)=E(P,)-
With equation (5.6.13) we obtain
E=E(p,)=E(P,)=E(p;)=E(p;)=E". (6.1.22)

As mentioned at the beginning of this chapter the current J, . of incident particles

is needed for the calculation of the cross section. We calculate the incoming
current of one electron. According to (4.3.3) the i'th component is calculated like

this
I =cy'ay (i=123). (6.1.23)

Choosing the following components for the incoming particle p!’ = p!® =0 we let
) in this direction. First

Inc

the wave go in the z-direction and determine the current J
we take the variant Q(r:” (X,t) (see (3.2.9)) for y in (6.1.23) as follows

inc

¥ = C(g(m)’Jr ()?,t)ggg“zﬂ (X,t). (6.1.24)

Using (3.2.9) we write



3@ _ cE(P)+me”
Inc Z/E(p)
0 0 1 O 1
cp® 0 0 0 1 °
: 110;%,0 Cp(s)
E(p)+mc 10 0 0 — -
E(p)+mc
0O 10 O
0
4—2
E(p)+mc? cp® E(p)+me
—11,0,— .0 0
2VE(p) E(p)+mc 1
0
E ([_j) +mc? Cp(3) ~ c? p(3)
2VE(p) E(P)+mc* E(P)V (6.1.25)

With g_o(rzz)(i,t) one gets the same results. In (6.1.25) we insert well-known
relativistic expressions for p and E

(3) [4 2 2 A2
3@ - MV 1mviic e _M. (6.1.26)
J1-vZ/¢? mc \ 2

If there are two colliding particles with velocities vV, and v, in (6.1.26) the velocity

V| has to be replaced by the magnitude of the relative velocity [V, —V,|. (It can be

larger than the velocity of light. However, it is not in contradiction with special
relativity because v, andv, are velocities relative to the inertial system and

|\71 —\72| is not the relativistic velocity of one particle in the system of the other one)

_ |‘71 _‘72|
‘]inc - . (61 27)
\
Owing to (6.1.21) in the centre of mass system there holds
|27,
J =1 (6.1.28)
\%

Now we are able to formulate the differential scattering cross section of electrons.
Due to (6.1.6), (6.1.20), (6.1.22) and the definition of T in (6.1.16), the number

of states which are reached in the momentum areas d°p; and d’p, near the
momenta p; and p, per time unit is
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2
‘Sfi (91""1'1Eé'r2"91'r1,92,l’2 )‘ dN/T

_(2_”‘9)4 m*cVTcs* (p;+p; —pi — )(gjs (6.1.29)
ke PR PR )| A
2 d%p! d®p. 1
'Mi p!’rl,p!’rl’p’r’p ,I V 1 V 2 —
‘ f(—1 pEprz Iz 2)‘ (27zh)3 (27Zh)3T

The differential cross section dé for the transition from the state (91,r1,92,r2) to
states within (p;.r/,p;.r;) and (p;+d°p;.r),p; +d°p;,1;) is the transition rate
(6.1.29) per initial current (6.1.28). (It can be interpreted as a virtual area which

is held in the current of the incidental particles and which catches particles of the
state (91,r1,92,r2) and brings them to the states (91’,r1',9;,r2’).)

(Z”ej me’d” (91’ +EZ’ ~P _Ez)‘M“ (E;’r{’EZ”rZ”&’erz’rz )‘2

c v v (6.1.30)
el d =12 dQ! . d3 ' 1
(Sj (2 h)6 |p1||p1| 1 P 2|V1|
where we have written the spatial differential d°p! ' with the solid

angle d./ in which the scattered particles move.

Now, we admit all momenta p, and all magnitudes |ﬁ1’| of p;. l.e. we are interested
in particles of type 1’ which pass through the solid angle d</ and we integrate
over all components of , and over |p;|

o (em) ¢ |
da—dﬂ( E j (2ﬂ)22|v1|I 2E’ IZE' IO1+|02 91—92) 6151
AN o 2E "\
(Ej ‘Mﬁ (91’”’92”2’91’&,Ez’fz)r(h—e).

. We show

that it is possible to write é as an integral over a delta function with the zero-

component p® of the four-dimensional momentum p’ as integration variable like
this

CIdp!Oé‘((E,)Z Cz _ m204) _ Czdploa((pyo )2 Cz _ 6;202 _ m204)

_ Czdp'05((p'o )2 c2 _Erz),

(6.1.32)
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where we have used (3.2.2). The integrand of (6.1.32) has the positive root
p° =E’/ ¢ . We use now the well-known mathematical formula

[dxs(f (x)) F( ZF

df

6.1.33
dx ( )

where x, is a root of f(x) within the interval of integration. We apply
(6.1.33) to (6.1.32) where the function F(x) is equal to 1.

OOd ro§( 10 \2 2_E¢2): C :L
c_([ p°s((p°) ¢ d((p’o)zcz—EQ)‘ >E

dprO

pP=E'/c

1
2E’

orc[” dp®s(p*c’-m’c*)o(p®)=

{@(p’o) =1 forp”® > 0}
with .

0(p°)=0 forp® <0

(6.1.34)

We pick out the integrals of (6.1.31) ad insert (6.1.34) for one factor é

Id|p1||p1| J‘ p254

e ) oE p1+E§_E1_92)

0

2
"Mfi p{,r{,pé,r2’,p1,r1,92,r2)‘ -2E'2E'/ K°

|j d*pc[” dpy (6.1.35)

2E’
5((9;) c? _mzc4)@(pé0)54 (E;+Eé _91 _92)]:(91"9;’)

withf(E{,E;,m):‘Mﬁ (E{,r{,gé,rz',g,r1,92,r2)‘2 (2E")* 1 1°.

We carry out the integration J-d3p;.|._w dp;’ = [d*p; .The term &*(p;+p; —p, - p,)

in the integrand of (6.1.35) causes p, =p, +p, —p; and p;’ _2E_FE'
- = = = c ¢
=d ﬁr bwz 2
| :J‘ |21I!'1| 05((91 +p, _E1> o2 _mzc4)
and 0 (6.1.36)

2E E A ’
@(7—;) f(pip: =P+ P, = pi)

Of course 0 <E'<2E holds. Furthermore,
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=(E1+Ez)2 2—2(91+92) pic” +p;°c —mc
2.2 1~2 E”c’ =2 2 2.4
:(91+92) c _2(91"‘92)'91(3 T —-p;°c—m°c (6.1.37)
:(E1+Ez)202—2(91+92) 91'CZ+E'2 E”? +m?c* —m%c*
=(p+p 2c2—2(91+92)-91’02
where we have used (3.2.2) and (3.4.8). E'dE’ we have
rdEI )
2E'c? :5((91+Ez) 02‘2(E1+92)E1'C2)
0
f(pwpz —p1+p2_p1’!"')
(6.1.38)

2E 2 ’

_[ p,| dE 5(( j 02—202[2—Ej5+0]

5 cj)c

.f(B’EZ =P+ P, _91’,)
For the argument of the ¢ -function we have written only the zero’th component of
the p’s. The other vanish due to (6.1.21). Applying (6.1.33) to (6.1.38) results in
__IF]

2c|-4E|

(P ps =P +P — P lee (6.1.39)

which we insert in(6.1.31)

4 A~ 2 N\
dade'(mej c® [HEL= (é)

E (27,)2 2|V, 4E2ch® \ &

2 po=pi+P2—p;

(6.1.40)
M (0112 1 )|

E'=E

In most electron scattering experiments unpolarized electrons collide and the
polarization of the scattered electrons isn’t measured. Accordingly the scattering
cross sections for the incoming electrons with the possible spin directions relative
to p (lengthwise and opposite) have to be averaged (summed up for both particles
and divided by 4). Because both spin directions of the outgoing electrons are
accepted, the corresponding cross sections have to be added up. We show that

the index r inw, (E) denotes the spin direction relative to p. As in (6.1.25) in

W, (9) (3.2.19), we limit p to the z-direction as follows
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1
[E + mc? 0
+
w = ®3) ,
Wr=1,z (E) 2mC2 cp
E + mc?
0 (6.1.41)
0 .
E + mc? 1
+
A\ =
—r=2,z (E) 2mC2 O
—cp®
E +mc?
As shown by Pfeifer, 2004, p.35, the helicity operator
1 0
S (6.1.42)
Sz =5 1 .
0 -1
is an eigenoperator of w, (p,r) like this
h
Sp z Vl/rf1,z (E) = +§wr71,z (E) and
. (6.1.43)
§p 2 Wiso, (E) = _Ewr:ZZ (E)

Thus, for r =1 the spin looks forwards and for r =2 backwards. We denote the
differential scattering cross section for unpolarized electrons by

do  e'm‘c® |p (5’

8
fi Pt Nl 2 P2=Ps+P2—Py

with (c.f. (6.1.19) and (5.6.9))

2
2 3 0 )

2
3 1Y, W (p)a,g,w, (p)——w!(p/)a,g,w, (p,)(6.1.45)
rr3=1ry,0p=1 u=0 (g1 — 91’)

- Wy (Ph)2.9,,u, (91)(pfl—p,)zv_vr2 (p1)2,9,w,, (p:)IF
ST o
In the third line we have replaced (E{ -p, )2 by (91 -p; )2 due to the &*-function in
(6.1.30). The first term in M, |" reads
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g =1r,rp=1 91 _91,

i [W:z (pé)gﬂg/mww (92 )W: (E;)gﬂwﬁ (91 )] (6.1.46)

u.A=0

' [W:;’ (pé ) czx/lg/mwrz (92 )Wj{ (91,)(%/1\&/*1 (91 )]*

Because vl/f,(g')gkvl/, (9) is a number we can write (vi/T (E’)g,(vl/, (9))*

T )
= (vyf (p')2w, (p)) - We use the mathematical relation

(w! (p) 2w, (p)) =w (p)aw. (p) (6.1.47)

where g, =g/ holds. We rearrange the brackets in (6.1.46) like this

n YA
&C ) 4

11

!
r{,rp=1ry,rp=1 91 _91

3
z [W;; (pé )C:Z/tg/wwfz (92 )w: (E{)C:xﬂwﬁ (91) (6'1 '48)

u1.A=0

w, " (pr) 2w, (p)w!, (p,)2.9,.w, ()]

Due to (3.4.9) and to éz =1 we can write

w,' (p)=w, (E)g. (6.1.48a)

Now we deal with inner products in (6.1.48), write them explicitly and apply
(3.4.13) twice
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§EWZf(91')gywr1(E1) o (pr)aw, (pi)
7, (P) b2, [an(m) (9)}@@&%(9{)

-3 S e)(e ), [ Su, 0), (2)](22) w6

apys r{ r

ad

1 1
ZZ(ﬂa CJ?f +mc? —ﬂa;, W s (E;)V_Vq,a(p{) (6.1.49)

ad

'

Do

cg, + mc?1 cg; +mc?1
= ba, P il
ad oo

=Tr 'ggﬂ :2m02 égﬁ - 2

cg, +mc?1 cg{+mc2l]

The remaining factors in (6.1.48) produce a similar trace like (6.1.49) containing

B, and g, . That is why (6.1.48) results in

2 2 2
_ B cg, +me1 cg; +mc-1
T = E Tr = — = —
1 [ J {p pJ [ﬂa ome? 22 ome?

2&,C m

(6.1.50)
cp, +mc l c;z(2+mc 1
T{/”“ O omer £29%ome |

The next term in (6.1.45) is mixed. We treat it analogously to (6.1.49)

T, ( L T i ST, with
- Wi
2 | 2¢c (91 _91')2 (91—94)2 4 ’
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T2=zz(v_v; (p3)2,9,w, (P, )W (p;)2.w, (p))

(w), (pz)aﬂ,gm (p1) (p1)_ﬂ rz(pz))
= ZZ(\ZVr1 (p1)ﬂa W, (p1))(wr1 (p1)ﬁaﬂ,glﬂ—r2 (E’)

YW, (p;)fe,9,w, (P.))W, (P, ) few, (p7)

cpq +mc?1

_ZWr1 (p1)ﬂa —ﬂaagu W, (pz)
2mc

r.rs

Ccg, +mc l
8, (51) 5.9, Tt = g, ()
cp(1+mcl cp(z+mc 1
- (o), A
cp, +mc 1 |
'égygw _2mc2 ggl )us W, (91)
cp@+mcl c;z(2+mc 1
(ﬁgy—ﬂazgu—z (6.1.51)
2mc 2mc -l
cg, +mc’1  cp+mc?1
'ggﬂg/w _2mc2 gg/l _2m02 )
We insert (6.1.50) and (6.1.51) in (6.1.45) like this
2 n Y
‘Mfi (91’1"1,’92’1"2"911r11921r )‘ :[280 ]
et cp@+mc 1 cg; + mc? 1
'Z[—, "fa, 2mc? ~fa T ome? )
o (91 - Py )
cg, + mc?1 cg, + mc?1
THBe,8,, = 2,9, =) (6.1.52)
= 2m . 2mc21 . 2 4
B4 cp, +mec“1 cp, +mec”1
- 2 7 11fa, T omc? F2.9x 2mc?
(p1_p1) (p1_p2)
cg,+mc’1  cp+mc?1 , !
ﬂa/lg/l/l _2m 2 29 _2m02 )+(E1ﬁ92>]

by writing (91’ = [_)2') we have abbreviated the terms that can be generated from
those written down by exchanging p; and p;, which can be seen by comparing the

first line in (6.1 .45) with the second one.

The equations (6.1.44) and (6.1.52) constitute the differential scattering cross
section for unpolarized electrons in the centre of mass system.
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Now, we consider the ultra relativistic limit where p°c =./p°c* + m?c* = E » mc?
for which reason we neglect mc1 with regard to p. We introduce the following

practical definition

=B 7 =Pz 1=123, (6.1.53)

which we insert in T,,(6.1.51), in the ultra relativistic limit

T _[ B Jz 1 n'
2ur
26, (2ch(pV—mf(m—wéf (6.1.54)

Applying twice the well-known mathematical relation for square matrices A and B
Tr(AB)=Tr(BA) (6.1.55)

we obtain

o (nY A n
2,ur - 28 C 2mC 4 _ , 2 _ ’ 2
o) ( ) (p1 p1) (p1 pz) (6.1.56)

zTr(gWgu7 J2{1 7/#}{1 Y sz 7”)2{2)

In order to simplify this expression we have to do several reflections. First, the
relation

Yy +ryt=29,1 (6.1.57)

can be proven by calculation by hand starting from £ and the a's in (3.1.2) or by

transforming the basic relations in Pfeifer, 2004, p. 12.

We claim that the following relation holds for the first five matrices in (6.1 .56)
291" By By = 2P0 B (6.1.58)

First, we point out that as in (3.4.12) the Feynman-dagger-matrix p is written like
this using (6.1.53)

IN
Mw

Z WP (6.1.59)

i Mw

Moreover, we need some relations with y-matrices and Feynman-dagger-
matrices. With the aid of (6.1.57) we find



;ngzﬂ: g 1(22“&2"):29 —2g##;=;;=4-;. (6.1.60)
Using (6.1.59),(6.1.57) and (6.1.60) we write
Zg wl &7 —ZQWV 9.2y r"
=>9,,9.a"7" (29,,4—;2“

y78%

— Z g’uﬂa(lu)jz/‘” 2 . l —
u

= @24 =-24.

(6.1.61)

= M
II&
IIY
H\Ql ~—

Similar manipulations yield
pa=39,9.7b"ya"
y7R%
=39,,9..(29,,1- 77 )Ja" b (6.1.62)

y78% - =

=2§9Wa "1-28-2a-b1- 2.
Using (6.1.61) and (6.1.62) we obtain
29,1 By ZGWV"KZQM 'y
=§9ﬂﬂ£#§;9u (Zgw

= Zgy;tb(ﬂ)é#\g‘z_zgﬂﬂy gﬂz/
H H

= 2[0 + 228
dab1-28f 28 -4a b1,

)

II%
IIR

lP@\

(6.1.63)

With (6.1.62) and (6.1.63) we write
29,0 By =29, 8.9,y "
u u v

=Y, #Y0.0" (20, 1-77)

=2ga8 -3 0,7 #Br'e (6.1.64)
=2gal —4a-bg

=2¢(2a-b1- ga)-4a-bg

From (6.1.55) and (6.1.57) we obtain



98

o) et -5 T )
_ %Tr[ZgWgW (ZL,Z/ +£V£ﬂ )a(#)b(V)J

:1Za( 9,9, ,Tr(29,,1)

—Zgwa b Tr(1) 4a-b.

(6.1.65)

We go on to Tr(alded ) and apply (6.1.62) like this

Tr(2led ) =2a-bTr(1gd ) - Tr( daed )
=2a-bTr(gd )-2a-cTr(lgd )+ Tr( Bead )
=2a- bTr( ) 2a-cTr(J_a’,d)+2g-gTr(J:o’,z’) Tr(Jo’_g/g)
Due to (6.1.55) and (6.1.65) we get
2Tr(2lded ) = 2a-bTr(gd)—2a-cTr(gd ) +2a-dTr(Bg), i.e.

Tr(2ed) = 4(a-b)(c-d)- 4(@'9)(9-Q)+4(§-g)(9-g).

Furthermore, due to the structure of Feynman daggers and of the y’s

(6.1.66)

Trg:O

holds. One can show that the trace of an odd number of Feynman daggers
vanishes

Tr(2& 2, &,,.,)=0 (given without proof). (6.1.66a)

Now we can conclude the proof of (6.1 .58). For this, the central matrix y” can be

interpreted as a Feynman-dagger-matrix. In order to transfer y” into the “slash”

notation we introduce the four-vector

6" =(G" 6" 6 GV ) = (g,4,0,1.9,2/9,5) - (6.1.67)
Due to (6.1 .58) we state
3 3
g = Zngveww =>9,,7'9,, =7". (6.1.68)

We see that y” is a Feynman-dagger-matrix. Therefore, we can apply (6.1 .64) to

the left hand side of (6.1.58)producing

2 9.1 B Ry =-2p1 B, (6.1.69)
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as claimed in (6.1.58) which we insert in (6.1.56) using (6.1.63) and (6.1.65)

— 2¢¢
T2,ur ( 7; ) (2mC )

=Trzgmgwf Z EZ
Au - - - -~

N—
—
|

|
I
N—

N

—
(ke

|
|

N~

N—

by P = —2Tr[Zg - g} (6.1.70)

= —2Tr(g1 4p; ~92'g2) =-8p 'EéTr(JEJEZ)
=-32(p; - p;)(p: " P2)-

Now, we writeT,, (6.1.50), in the ultra relativistic limit using (6.1.55)

— 280C ? 4 p1 p1
2
1.ur ( h j ( mc ) [ h J

=30,,9. (7" g’ B)Te (1 Bor 23 (6.1.71)

HA =

v By )T (B mr)

—

We rewrite the first trace in (6.1.71) interpreting the y’s as Feynman-dagger-

matrices applying (6.1.66) and (6.1.68)

Tr( gy gy )=Tr(Bg " pg ")
=4{(pi-6")(p, 6" ) +(pi-6)(p-6") - (pi-p) (€ -6"))
= 4((2 D{“”)gppg#pj(z pﬁ")gwgwj
p -
+(Z pJ('”)gppg@](Z pﬁ")gwgﬁ,(,j
P -

_(E1 91,)(2 gwgwgiaJ)

=4(ppl" + p "~ (py- i) 9, ).

o

(6.1.72)

We now work on (6.1.71) and insert (6.1.72)



Y723

4(p5'9,,0.79, + 9379, 089, ~(PsP,) 9, )

and taking into account (g, )" =1

_16 [[Z p“ps“g,, ](Z p“pig,, J
U A
+ (Z p“pig ., J(Z p¥pYg,, j
7] A

- p“pi"g,, (p; - p2)
U
+ [Z p“pig,, ](Z p“pg,, ]
A u
+ (Z p“piYg,, j[z p$“’p£“’g,,ﬂJ
A H

=> o “pg,, (ps-p,)
u

6.1.73
—(Z Py pé"’g;,,,]( p;-pr) —(Z p;”) p£”)g,#,)( p;-p,) ( )
u u
+(p;-py)(p5 P2 ) 2021
y7i
=16 12(p;-p3 ) (P - 22 )+ 2(ps - P2 ) (s - P

~4(pi-pi)(Ps P2 )+ 4(pi i )(P: - P2)]
=32[(pi-p5 ) (Pr- P, )+ (Pi P2 ) (P13 )1

We put our results together. We rewrite the unpolarized, squared invariant matrix
element (6.1.52) in the ultra relativistic limit using (6.1.73) and (6.1.70) like this
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‘M‘(p1”r1”pé'r2”p1'r1’p2'r2)‘jr=-F1,ur_ 2,ur (p1 Eé)

J 7 j [(EJ‘Eé)(B'92)+(914'92)(91'9£) (6.1.74)
2500 2mc (91 —E{)

(R p)(Rope) (R R )RR (P2 o) (21
(e
S

o -0l (0. -2) PES)
o) (eo),

(b -pi) (=)

The second and the last term in the square brackets in (6.1.74) agree. We insert
(6.1.74) in (6.1.44) and obtain the differential cross section in the ultra relativistic

limit with v, =c and |p;|c =E

do | _ (emc2)4 P! (ﬂjgmz P3=py D Py
de ), (27E)4cER°LE) T EE
e (gfﬁﬂﬂﬁ@r&%%ﬁ@ﬁ@«@) 6.1.75)
&2(27) E2B\ € (p,-p})’ -

L (PP )(pipe )+ (2P ) (i)

(p—p3)
(E;Eé)(ﬁ ) ]| p1+pz1
(pi—pi) (p-ps)

The dimension of this cross section is [area] as given at the beginning of this
chapter. We evaluate the result (6.1 .75) in terms of the scattering angle @ i.e. of

the angle between p, andp,. In the centre-of-mass frame we have due to
(6.1.21)

- —B), 2, 5.
’ E’ ~ E' ~/! ! E’ ~! E’ ~!
E'] ( p]E(C 1pj! Ezz(czapzjz(?,_pj, (6176)
and @=<«(p’,p).

In the ultra relativistic limit E > mc? the relations p°c® =E?-m?c* =E® and
p'’c? =E" hold. The scalar products needed in (6.1.75) are (c.f. (3.4.35a) and

(6.1.80))
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2

E - , ,
by :C_z‘|°12 =m?c’ =p;® = p; = p;’
4 EE' ~ ~ ' E @
Pi-Pr=—7%"P P =—F |COS@ 2—S|n2—
c 2
E2 . . E? _, . E2
91'92:C_z_p1'p2:C_2_p(_p):2C—2,
i EE' - — E @
PiPe =" P P:="o 2 (6.1.77)
, . _EE'" -, . EE' . . EE' 2@
9192—02 PPy = 2 +p-p =
2 12 2
’ ' == =, E
91'92:(:_2_p1'p2: 2 +p2_2 5 1
, EE' . . EE .,0
Po Pp =7 —P-P ="Fsin" =
Due to E =E’ and (6.1.76) the denominators in (6.1.75) are given by
2 : : 4E® ., 0
(P~ pi) = b} +pi? ~2p, pj = 2mPe? ~=—sin® =
_4E° .0
= sin >
¢ 4o (6.1.78)
(p,—p3) =p?+p2 -2p,-p; = 2mc? - coszg
= = - = = = c?
4E?2 , 0O
= ———C0s” —.
2

Inserting (6.1.77) and (6.1.78) in (6.1.75) yields

2
4 N8 2E22E2+(2E20082 @J
PIRRE faeth ik
ur &y (

d.of 2 2c29( £ 2
! 27) E°8 (4Ezsin2 (29)

2
DE22F? +(2Ezsin2 @j
2) 4o

2E22E? ]
2
45200329 4E?sin? @4E cos? — @
2 2 2
4 N8 1+COS4Q 1+sin4Q
- e (E) 2, 2
2
& (27[) E?8.4\ & sin“Q COS4Q
2 2
+ 2 ]

sin? £ cos? @ (6.1.79)
2 2
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With the aid of the trigonometric relations

sinzgzm%@, COSZ%:”C%@, sichosgzgsin@ (6.1.80)

!

8
we reduce (6.1.79) and we put the dimensionless factor (Ej equal to 1

do (27[)2 E%8-4 gg

da ) e’
1+ cos* o cos* Q+ 1+ sin* 4 sin* o
L 2 2 2 2., 2 |
sin* Qcos“ o sin? Qcosz o
2 2 2 2

_ 8 [1+cos@j2 (1+cos@j2
=—70[2| 1+
sin“@ 2 2

2 2
+ 2(1 + (H%@j J[HTOSQJ + sin%0)]

[8(1+C0s’@ +sin’®) + (1+cosO)" +(1-cosO)' ]

sin‘®

2
18 +12c0s°® +2c0s*'@ 5 (3 + COSZ@)
sin*@ sin‘® (6.1.81)

With the help of the dimensionless fine-structure constant

e2

a = =
4rs,hc 137

(in the system of units SI) (6.1.82)

the differential scattering cross section of unpolarized electrons in the ultra
relativistic limit reads

2
( do J _a’nic? (3+cos’@) (6.1.83)
de'),  4E? sin‘®

which agrees with the result of quantum electrodynamics. But in our derivation we
have used quantum field theory, which is better backed up. As is well known the

result of quantum electrodynamics — and also our result — agrees very well with
measurements.

6.2 The cross section for the scattering of photons by free electrons

This so-called Compton scattering is treated in section 5.7. Due to (5.7.10) the
scattering matrix element reads
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2

L[ﬁi jz!ioMf'”v(K A',p'r'k,4,p,r) with B
M (2)2,0,5 | B8 pea.w, (p)er ()61 ()
(6.2.2)
;. (P)2.9, ( ; ’Jézvgwwr(g)sﬁ‘(k)e”(m
and  S.(q)= ?g+lnm/f_ . (6.2.3)

In analogy to (6.1.6) the number of states which are reached in the momentum
areas d°k’and d®p’ near the momenta k' and p’ starting from the initial state

(E,ﬁ) owing to the electromagnetic interaction, reads

)\Zv d*k’ , _d°p’

\s@"k»%N{s@"k
R SR B B T 2y

(6.2.4)
As in (6.1.29) we divide this quantity by T , which represents the time period for

the scattering process (c.f. (6.1.16)) and obtain the corresponding number of
reached states per time unit

2 dk' . d%p 1
S, (k'.p"k.p) v Vv —. (6.2.5)
S (k) (27n)° (27n)° T
The differential cross section which corresponds to dé in (6.1.30) reads
. 2 d3kr d3pr 1
d $4bp 9\ V (6.2.6)

(2zn)  (2z0)’ TVl IV

The expression |v,,|/V in the denominator represents the incoming photon
current analogously to (6.1.27). We treat the square of S;, (6.2.1). The square of
o (K'—l—g'—g—g) is replaced using (6.1.17) as follows

‘Sfi (K”j”’E”r'1K1l!E!r1)‘ = 3 =, = (272')4 hGCT
v E(D)E(p)Zwkuwk 62.7)

ZMNKW"klpJ.

u,v=0 -

2
gen
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This quantity is dimensionless as we expect. In the following we want to evaluate it
in the laboratory frame, where the electron is at rest initially and therefore

p=(mc,0,0,0), E(p)=mc? and v, =c. (6.2.8)
Corresponding to (6.1.30) we write
:d‘IZ'HIZ"d_Qk,. (6.2.9)

We insert (6.2.7) up to (6.2.9) in (6.2.6) and integrate over ‘E" and p’ because

we admit all momenta p’and all magnitudes ‘IZ" of k' analogously to (6.1.31). We

obtain
~ 1= |2
m2c? X dik'l 1k’ dap'
do=daQ, . —5* (k'+p'—k-p
k (27f)2260k'5(lo)“35"’2j 20y {E(p) (e 2 (6.2.10)
!5 ! ! / !
[“j‘;lSJ fi,uv (k 2’ p! !K!JWE’I‘)

which has the dimension [area] as we expect. Due to (6.1.34) we can write

1/ E(p’) as an integral like this

(6.2.11)

Analogously to (6.1.35) we pick out the k'- and p'-integrals of (6.2.10) and insert
the relation (4.4.3)

ck”® = c\E'\ o, like this (6.2.12)
af< g0
a’p’ a ot
|=[—— . —k-p)-f(K\p, th
I ‘k‘ . IZE(p’) (k'+p'~k-p)-f(k'p') wi 62.13)
;L AEN L R ’
f(k'.p, ):(Ej !;0 i (KA KAL)
E(P)
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- Jefe el ferer atpo(oe et ofo)

(6.2.14)
5% (K'+p'—k—p)f (k',p"~).
Fourfold application of (6.1.33) to the p’-integration yields
I =J.dw"'2wk 5( p+K—K’)2 c? m2c4)
c = (6.2.15)
@(p0+k0 k!O)f K,’E’=E+K_K’a )
where we can write using (6.2.8) and (6.2.12)
(E+K—K’)2 c? —m?c*
= m2c* +2me® (K —k) + (k° ~k®)" ¢? (K k") ¢ - m%c*
(6.2.16)

=2mc? (o, — o, )+ ((ko )2 +(k"° )2 —2k°k"® —k? -k + 2Kk - IZ')C2
=2mc? (o, - o, ) - 20,0, + 20,0, +C0S O
with the scattering angle © (angle between k and k').

Finally we calculate the a,.-integral in I, (6.2.15), again using (6.1.33) and
(6.2.16)

/c+mc
* d

| = J. M5(2mc2(a)k—a)k,)—2a)ka)k,(’I—COS@))

_ac 1 g )25 (6.2.17)
C 2‘mc2 + o (1 —cos@)‘ - e =meay | (me? oy (1-00s6))
- zwf)ric kRl p(;k/(Tnc 2.0y (-c080)/ mc?)
We look into the restraining condition in (6.2.17),
0, = % (6.2.18)

1+, (1-cos®)/ mc*’

which follows from the root in the delta function that occurred in the derivation of
(6.2.17). We replace the photon energy by hv=2zhc/ A, which leads to

Comptons formula

/1':/1+27zi(1—cos@). (6.2.19)
mc
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The wavelength of the scattered photon is increased by an amount which is
proportional to the Compton wavelength 7%/ mc.

From (6.2.8), (6.2.10), (6.2.13) and (6.2.17) the differential photon scattering
cross section results as

do &'’ (A'g'j“

dQ.  (27) ag2n’c’w? \ AE (6.2.20)
2 p'=p+k-k'

' i M (K',l',g',r',K,/i,E,r)

uv=0

a)kr:mcamkl(mc2+mk(1—cos@)) )

In analogy with (6.1 .45) we will be interested in the case of unpolarized electrons.
However, for the time being, we keep the photon polarizations 1 and A'. Thus,
(6.2.20) has to be averaged over the initial spins and summed over the final spins
of the electrons

do

1 2
— (r',r,A', 4
ko' Yy 2 Z;‘ )
e a) AIEV 4
"
= 6.2.21
(47)° s2n*c?op ( AE j ( )

2
|p =p+k- Kk’
@y =mc @/(mc +aoy (1- cosé)))

Z M; . (K',4',p"r" K, 2,p,r)

1| z,v=0

1 2
2

3
Now we work on the term z M
u,v=0

The first term on the right hand side of

fi,uv -

(6.2.2) contains the matrix

S(E+K] JjL“lm
) g me

(6.2.22)

I'o

Using (6.2.8 ) and (6.2.12) we remodel the denominator in a similar way as in
(6.2.16)

(E+K)2—m202 =p*+2p-k+k* -m*c?
=m2c? ~0+2p-k +(K°) —k? —mZc? (6.2.23)
= 0+2p-k+0=2p-k

and we obtain

(6.2.24)
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In the second term in (6.2.2) we interchange the dummy indices 4 and v which

yields

=2 (k)& (k)
(6.2.25)

()-8 21 09 Lt () 6226

3
M, =[w(p’ (k") A =
ﬂ;o fi,uv [V_Vr (E )géﬂ (_) 29 K
P -K'+1mc
+wi (p') B £ (k)n = ok L (K", (p)]
g+}z(+lmc
L=t ()= = (k)
We define - (6.2.27)
g+ =’+lmc
+£ﬂ (K) = _2E Kr g’l (K’)]’
with which we write
3 2 2
> Mg, | =W (p')ALw, (p) (6.2.28)

In analogy with (6.1 .45) the mean value of the square of the invariant amplitude in

(6.2.21) reads using (3.4.9)
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where we now apply (3.4.13) twice and introduce

L=pLC'B like this

3
> My, (KW AP k)

(6.2.29)

(6.2.30)

(6.2.31)

In order to reduce (6.2.31) we remodel I, (6.2.27), using (6.1.62) and the

markings ¢ =¢, (k) and &'=¢, (k')

2p-c £+ £ K~ £¢ (P~ 1me)
L =n[ =
- 2p- K
2p-c' £~ £K'£ - g (P - 1me)
+ 2ok ].

(6.2.32)



The following product will appear in (6.2.31)

(g—mcl)(g+mcl):g2 -m?c?1.
Using (3.4.12 )and (6.2.8)we can write in the laboratory reference frame

(B -mea)(p+me1)=1((me)’ -0~ (me)*)=0 (6.2.34)

We insert (6.2.32)up to (6.2.34) in (6.2.31) like this

2

1
ZEZMfi,yv
r'r ny
, 1 B +MC* (206 fv g Ky 2ps' g-gK'g
T = | === £S5, - £ 225
2 2mc 2p-k -2p-K’
cp +mc?1
-g—zzfl (6.2.35)
2mc =
2 2 . ’ ’ 2 N _ ()
( h] Lo cpr + me1) Pegreke 206 g-£Kg
4mc* ) 2 = = p-k p-K
2 . 4 4 2 . ! _ 4 !
.(%mczl)[ pegteke 2pe g ::g]]_
= = EK EK’

In electrodynamics one can perform a four dimensional gauge transformation with
the polarization vectors ¢ and &' (Greiner, Reinhardt, 1994, p.195) as follows
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f=g-=—k, F=g-=—K, (6.2.36)

folofl al-fa®) w2

p-£=0, p-&'=0, ¢&.&=-1  &-&=-1,
12
K
forA=0:8 k=1 =‘k‘
‘k‘ (6.2.38)
for 1=1,2:£-k=0
for 1=3: g-g:-\ﬂ.
Moreover, due to (6.2.12) and (6.1.62) we have
JZ(ZZKZAZO’ /12(12:&!21:0
F=1--1, #*=--1 (6.2.39)
and for A=1and 2 ,g}:(=— £

Replacing ¢ and ¢’ in (6.2.35) by & and &' and inserting (6.2.38) we obtain

(o) 3
4mc? ) 2

-Tr((cg'+mczl)[

>3

r',r

Z Mfi LV
J78%

(6.2.40)

We show that the last two expressions in the square brackets of (6.2.40) are

identical. If there is a trace of a product of an even number of Feynman daggers,
the sequence of these daggers can be reversed like this
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Tr(#a &, ) =Tr( &, &), (6.2.41)

which is proven by Greiner, Reinhardt, 1994, p. 99 and 363. We write the
nominator of the last but one expression in (6.2.40) omitting mixed terms (with

one factor mc?, containing an odd number of Feynman daggers, (c.f. (6.1.66a))
and following (6.2.41) like this

Tr((op +me* 1) 2K 2(cp +me?1) 2K 2|

=Tr(cp 2K zep X'z )+ Tr(me* 12K gmc* 12K 2)

=Tr( K Zep K Zep |+ Tr(gK gme* 12K Zme?1)  (6.242)
=Tr(22 (o +me” 1) 2Kz (eg +me”3)
=Tr((cp'+ me? 1) 2Kz (cp +me?1) 2K 2 )

The last line of (6.2.42) follows from (6.1.55). Thus, the last two lines of (6.2.40)
are identical. Therefore, (6.2.40) reads now

n Y1l S S 2s
_ B 2 3 6.2.43
(7o) 2[@@ o k)| O

2
1
ZE ZMfi,#v

r'r y7R%

First we deal with the trace S,

((cyf +me 1)5@ K7 (6.2.44)
+Tr((cp( +mc 1)£J=(,gmczl,gjz(g’)

Due to (6.2.39) the last term in (6.2.44) vanishes and using (6.1.62) and
(6.2.38) we can write

II\\t
=
I
||°0(|71
Il

I
Iy

S, Tr((qzr +mc 1)
—cTr(cp+me?1) 24K 2 (6.2.45)

_CTI’((C}Zf +mc 1),§Jz(_p K’g’)_CTr((CJfJ“mCZl)é&KEg)’

where the last expression vanishes again. Because of

Tr(£K2')=-Tr(K)=0.
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(c.f. (6.2.39)) we obtain

=c*2p k Tr(p'ZKZ)
- (6.2.46)
~c2p-k (22 Tr(p g ) Tr(p 22K )|
With the help of (6.1.65) S, becomes
S,=c’2p-k(2k-&4p'-&' +4p" k). (6.2.47)
We go on simplifying S,. Because of
- ’ E'_ c26’2 + m2c? )
p=(mc,0), 9=(—npj=[ i P
c c
the following relation holds
~12
p? =m?c?, p~? :W— p'? =m?c?. (6.2.48)

C

p p or p'—k=p-k’, (6.2.49)
which we square
(') =(p-k) (6.2.50)
p*-2p"-k+k®=p*-2p-k'+k"”
Due to (6.2.39) and (6.2.48) we obtain
p-k=p-k'. (6.2.51)

Restricting ourselves to “realistic’ photon polarizations with 1=1 and 2 we state
(c.f. (6.2.36/37))

&FK=0-5-K=0 (cf (44.7)). (6.2.52)

We multiply the energy-momentum relation (6.2.49) by &' and using (6.2.38) and
(6.2.52) we obtain

gop-g k=E"p-FK=0 (6.2.53)
We insert (6.2.51) and (6.2.53) in (6.2.47) like this

S1=8029'K(9'K’+2(K &y ) (6.2.54)
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Now, we deal with the second trace in (6.2.43)

S, =Tr((cp'+me?1) 2K & (cp + me* 1) 7K' 2 ). (6.2.55)
In analogy to the derivation of S, (6.2.45) up to (6.2.54), one finds
S, zsczg-g'(g-g—z(g'-gf). (6.2.56)

Finally we have to calculate the trace S, from (6.2.43) using (6.2.40) and
(6.2.42)

S, = Tr((cg’ + mczl)g’gé(cg + mczl),:;?’Jz('é) , (6.2.57)

where we replace p’ using (6.2.49) as follows

S, =Tr((op + me*1) 2K £ (op +me1) 2Kz
+Tr(c(K-K) 2K 2cp 2K 2| (6:2.58)
=S;, +S;p-

We have omitted mc?1 in the last bracket of (6.2.58) because the corresponding

term contains an odd number of Feynman daggers (c.f.(6.1.66a)).

We repeatedly apply (6.1.62) to a part of the argument of S,, and use (6.2.38)
and (6.2.39)

(6.2.59)

S, =C2p-KTr( ZZcpK 22 ). (6.2.60)

Here the term with mc?® also has vanished because the corresponding trace
contains an odd number of Feynman daggers. We go on handling

S,, using (6.1.62)
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l

83320229. (28 gTr(g}(é ) Tr(zfgkg ))

In the last trace mathematics allow to put the last £ at the beginning of the
argument list. Using (6.2.39) and repeating the procedure with £ yields

S, =0229-K(2§-§'Tr(g)§’§'§)—Tr(J=zJ:(')) (6.2.61)

The second term in (6.2.58) can be simplified. With the aid of (6.1.62),(6.2.52)
and (6.2.39) we write

g z)
— %28’ -KTr(J@é’g’) +c22K’ -éTr(J:('gK_)- (6.2.62)

With the help of (6.1.65),(6.1.66),(6.2.38) and (6.2.52) we simplify the quantity
S, =S,, +S,, like this

+C?82-K'((K'-2)(k-p)—(k'-k)(&-p)+(k'"-p)(£-K)) (6.2.63)
( k
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Finally we can construct the differential photon scattering cross section, (6 2.21).

We insert S,,(6.2.54),S,,(6.2.56), and S;,(6.2.63), mZ Zan (6.2.43),
and again put this expression in (6.2.21)
do 1 af ﬂng4 et
= 77 2,2 0C
da,. ., (47;) w?c®\AE ) 32m’ct gn
[p-g'+2(g~g')2 p-k-2(k'"-2)’
p-k p-K
Lo . (k&) (K-g)
+2[2(£ N t ok L e (6264)
- - mc?+@ (1-cosO)

1 a)_f(A'g'J“ n et

(4;;)2 AE ) am?c? &n’
k' bp-k
{p_+p_+4(~, ~) —2}
p-k p-k Y

" mc?+a (1-cos 0)

where four terms have cancelled each other in pairs. We see again that the
differential cross section has the dimension of an area because the expression

(“4'5') (6.2.65)

AE
is dimensionless. Due to (6.2.8) and (6.2.12) we write

K'-p=a.m, ,k-p=am. (6.2.66)

This leads to the well-known Klein-Nishina formula which describes Compton
scattering of photons, where we insert the fine-structure constant

e’ 1
- = (cf. (6.1.82)).
4zsshc 137
d h V(o)
o 2(06 J D | (O, O 4557 2], (6.2.67)
de. ., \2mc) | o O, O

here we have put the dimensionless factor (6.2.65) equal to the identity. From
now on we will write

ol —r =25.10"m. (6.2.68)
mcC
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We now develop the unpolarized cross section of the Compton scattering i.e. we
will admit all polarizations of the incoming photons (/1:1 and 2) and take into

account all polarizations of the scattered photons (/1' =1, 2). Thus, we shall sum
over the polarizations A’ and average over the initial polarizations A4

(6.2.69)

)in (6.2.67). Due to (6.2.37)

|y

The summation will concern specially the term (g-
we have

and therefore

£-8'=0-2(Kk)-&,(K). (6.2.70)

The spatial vectors EH(IZ),Elzz(IZ) and k form an orthogonal system, the same

holds for the primed quantities. Now, without restricting generality we can choose
g, (IZ) and ¢/, (IZ’) to lie in the plane spanned by k and k', see figure 6.2.1.

B K Fig. 6.2.1
Era (k’) €=t ( ) Choice of the polarization
\./A| l; vectors &, (k) and &,_, (k’)
@| i with respect to the plane of the
I @ \ k‘ propagation vectors k and k'.

The angle between the vectors of polarization &,_, (IZ) and &;._, (IZ’), O, is the same
as the one between k and k’. Then, &, (IZ) and ), (IZ’) are perpendicular to
the plane (IZ,IZ’). We have the following spatial scalar products
£, (IZ) &l (IZ’) = cos®
81 (K)- 2 (K') =1 (6.2.71)
Zra(K) 81y (K') = 2,0 (K)- 81y () = 0.
The averaged polarization dependent term in (6.2.67) becomes

3 (2. (k)2 (IZ'))2 - %(cosz@+1). (6.2.72)

1
2 A,A'=1
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Using this result and (6.2.67) the unpolarized cross section for Compton
scattering becomes

2
Kk

ry 2 2 2
do :&14&(&+&_2}+&%4&(c032@+1)

d2, 42 o lao o o (6.2.73)
oA, o Goo)
2 X\ o, o

The classical limit of this result (¢, — 0 and by means of (6.2.18): D — 1) is the
W

unpolarized Thomson cross section

(6.2.74)

do :£(1+0032@).
da.

class

Figure 6.2.2 shows the result (6.2.73) containing the limiting case (6.2.74) and

angular distributions for three different photon energies. At high energies the
angular distribution gets concentrated in a narrow cone in the forward direction.

d_O'/ r02
Q,
1 —_—
Figure 6.2.2
0.8 — The differential cross
section of unpolarized
06 — Compton scattering as a
' function of the scattering
angle @ for various
0.4 — photon energies o, .
0.2 —
| | | |

0° 45° 90° 135° 180°
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7 Epilogue

We remind that this book is only introductory and not comprehensive. It intends to
bring the newcomer as directly as possible in contact with the methods of quantum
field theory. Therefore we have restricted ourselves to electron-electron and
photon-electron scattering. In fact, these processes have already been described
by quantum electrodynamics but they represent good introductory examples for
quantum field theory and they might pave the way for other processes. We have
abstained from the application of path integrals not to go beyond the scope of this
introduction. Probably it is the first treatment of quantum field theory using the Sl
system of units, which is familiar to most beginners. We did not introduce the
system of natural units because it offers little dimension controls.
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